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9 Chapter 9
9.1 Q4
(a)

We will prove by induction that

pa(z Ve if x>0,

0 if z <0.

where p,(z7!) is a polynomial in z~!.

(Base case: n =1.)
If <0, it is clear that h'(z) = 0.

If x>0, h(z)= %(e*z_Q) = 2273 " where p(z71) = 2273,
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If x = 0, the left derivative A’ (0) = 0 and the right derivative

B(0) = Tim @) = (O)

z—0t z—0

= lim
z—0t xT

.T_l

= lim —
z—0t+ e*

=2

= h%lJr % (L’Hopital’s Rule)
=0+ —2x7°e*
. x

= lim —
z—0+ 2e%

=0.

(Inductive Step) Assume that for some k > 1, h®)(z) = pp(z=)e
if x > 0, 0 otherwise.

—x—2

If z > 0, using Product Rule, we can see that h**1)(x) = pp. (27 1)e
for some polynomial pg. .

If # < 0, again clearly h**+1(z) = 0.

If = 0, h*"(2) = 0 while the right derivative

k1 . pe(z e
PE () = xli%i o

Note that p(z71) = % for some polynomial g(z) and some m € N.

So
(IS DI et B
h+ (x) N (a}ligl“' g(l‘)) (xllgg' Qfm+1) =0
since
e—m’Q x—m—l
lim = lim =0

a0t L g0+ et
by repeated application of L’Hopital’s Rule.
Thus, by Mathematical Induction, A is in C*°.



(b)

Let ¢(z) = x —a. Clearly ¢ is C*. Then h(z — a) = h(¢(z)) is C
since it is the composition of h and ¢. Similarly, h(b — z) is C*>°. Then
g(x) = h(x —a)h(b—x) is C* (we can see this by repeated usage of product
rule, or the general Leibniz rule).

If x <a, then z —a < 0 so that h(x —a) =0. If z > b, then b — 2 <0
so that A(b—2) =0. Ifa <z < b, then v —a > 0 and b — x > 0 so that
g(x) > 0.

So supp(g) = (a,b) = |a, b].

(c)

Support is a ball:
Define g(z1,...,z,) = h(r* — (321, 27)), where r > 0.
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Then g € C3°(R™) and supp(g) = B,(0), the (closed) ball with radius r

centered at the origin.

Support is an interval:
Define g(z1,...,2,) =[], [h(z; — a;)h(b; — x;)] for a; < b;.
Then g € C3°(R") and supp(g) = [, [a, bi].

9.2 Q5

Lemma 9.2.1. We can choose an open G, such that G; C Go, and G, C G.

Proof. We use the fact that R" is a normal space: every two disjoint closed
sets of R™ have disjoint open neighborhoods.

Note that G| and G¢ (complement of G) are disjoint closed sets. Thus
there are disjoint open sets Go, G5 such that G; C G5 and G¢ C G5. Note
that Gy N G5 = @ implies Gy C G5 and G¢ C G5 implies G§ C G. Further-



more Gf is closed. Then

G, C Gy C Gy CGSCaG.

Define

e =inf{|x —y|: x € G1,y € G5} = dist(G1, 0Gs)
e = inf{|z —y|: x € Gy, y € G} = dist(Gs, 0G)

and let € = min{e;, €2}

By Question 4(c), we can choose K € C° with supp(K) = B(0). Since
K is continuous with compact support, K is integrable. By multiplying with
a suitable constant, we can further assume that [ K = 1.

Let h(z) = (xg, * K)(z). Theorem 9.3 tells us that h € C*, since
Xa, € L' as Gy is a bounded set.

Let x € G;. Then

h(x) = / Xl — DK (1) d

- /B ©) Xao (@ — ) K(t) dt (since supp(K) = B.(0))

= K(t)dt (since x — t € Gy for |t| <€)
B.(0)

= 1.

Finally, if x € G°, then

I
=
5
=

|
=
=

QL

~

since x — t ¢ G, for |t]| < e.



9.3 Q6

Let K(x) < M for all x € R™.

Then
e m@l=| [ fa-ox0a
5 flz—1t) dt' M
< /11

< 0Q.

So f x K is bounded.
Let € > 0. Since K is uniformly continuous on R”, there exists d(e) > 0
such that for any z,y € R™, if |x — y| < 0, then |K(x) — K(y)| < TiTEsE
Then for all |z —y| < 6,

[(f + K)(x) = (f x K)(y)| =

FOK(x—t)dt — s FOK(y —t) dt’

[ e 1)~ k-0l an
<« <

=M1 Je
151

[F(#)] dt

T+
<e

Hence f % K is uniformly continuous.

94 Q7

It is shown in the textbook that

0? 0?
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Thus it suffices to show that

82 82 oo 82 82
(502 5 Foi = [ 10 (54 o) Bt — e =o.

Lemma 9.4.1. 2 f(z,y) = [* f(t)2P,(x —t)dt.
Proof. Let y > 0. By definition,

0 .. Plx+h—t)—P(x—1t)
gz Tvlw =) = Jim h '

Let (hy) be a sequence tending to 0, h, # 0, and define

bn(z,t) = Py(z + hy, _}f) - Py(x_t)‘

It follows that 2 P,(z — t) = lim,, o0 ¢ (2, t).

Using Mean Value Theorem, we have
9]
|on(z,t)] = 8—Py(c —t) for some ¢ € (z,z + hy,)
x

< sup
zeR

0

Let R > 0 be arbitrary. For |z| < R, note that

0 1190 y
‘%Py@c —t)‘ R
_1 1 —2y(x —t) ‘
T2+ (z—1)2 Y2+ (v —1t)2 (Quotient Rule)

Si(m)

(since |y221((j:_—?)2| < 1 by the inequality 2|ab| < a® + b?)

< 1 1 = g(t).
~ my? + (max{|t| — R,0})?

Note that if R is sufficiently large, for [z| > R, |Z P,(z —t)| is arbitrarily

small since %(m) decays to 0 as |z] — oc.
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Note that g € L'(R)NL>*(R). Next, note that g € L'(R)NL>(R) implies
g € LYR), where ¢ is the Holder conjugate of p. Explanation: [ |g|? <
gl [ lg| < oo.

Hence || fgll1 < || fllpllgllg < oo by Holder’s inequality. Hence | f(¢)pn(x,t)] <
|f(t)g(t)| where fg is integrable. Thus, by Lebesgue’s DCT,

o0

i [ @0~ [ ") lim 6,1 at

n—oo [_ o

Since y > 0 and R > 0 are arbitrary,

_f ax/ fy)Py(z—t)dt = /f Py(x —t)dt

holds for the upper half-plane. O

Note that the main argument above is to find an integrable function that
dominates |f(t)&P,(z — t)].

Similarly, we can prove L flx,y) = = |7 f( ) iy y(x — t)dt and the
analogous statements for %f(a:, y) and 82f($ ).

Briefly, since the Poisson kernel is smooth, all derivatives of it are bounded
on all compact subsets of the upper half-plane. Furthermore, it decays to
zero as |r| — oo, with faster decay for higher-order derivatives. Thus our

dominating function g(¢) (multiplied by a constant) works for all derivatives.

9.5 Q8

We note that for s > 0,

K(s,t)=K(s-1,5-t/s) =5 'K(1,t/s).



Therefore
(Tf)(s) = / T RS K (Lt s) de
= /OO f(ts)s 'K (1,t)sdt

:/ f(ts)K(1,t)dt.
0
(Case: 1 <p < .) Then,

= (/ ‘/Ooo f(ts)K(1,t)dt P ds) 1/p
: </ (/Ooo|f(ts)K(1,t)| dt)P ds)l/p
[ (fieomaoras)”

(by Minkowski’s integral inequality)

/OOO (/ Fts)|? ds) " kL dt
_ /Ooo (/t—lms)v’ ds) " Ly d

— 171, / CVPR(L 1) dt
0
= Sl

IN

(Case: p=00.)

/OOO F(ts)K(1,4) dt)
<l | [ KL a

= Y[ foo- (since [~ K(1,t)dt = for p = o)

|T flloo = esssup




9.6 Q11

(Case: v #0).
Consider g(z) = K(x)/y. Then g € L'(R") and [,, g = 1. Let g.(z) =
e "g(%).
Then
e =7 llp = ILF + Ke =~ [l
= [V[IIf * ge = fllp
— 0 as € = 0. (By Theorem 9.6)
(Case: v=0).

Let h € L'(R™) with [, h = 1. Then K+ h € L'(R") with [;, (K +h) =
1. Let he(x) = e "h(%).

[fe =2 fllp = 1] * Kellp
= |[f# (Bethe) = f+ f = fxhelly
S (K +h)e = Ffllp + 1 he = fllp
— 0 as € — 0. (By Theorem 9.6)

Analogous results for Theorems 9.8, 9.9 and 9.13 can be obtained by
replacing f. — f by fo = vf as € = 0. The proof is similar to that of the

generalized Theorem 9.6.

9.7 Q13

Note that |I; ;7' = 2*, and

fle) = 02 [ s0dew, (a).

Lemma 9.7.1. f, € L?(0,1) for all K € N.
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Proof.

p

1 1] 2*
[n@pra= [ 132 [ pwiva,@)|
0 0 |5=1 I
2k P
=2y f(t)dt| da
j=1 kg |k,
ok r p
<23 [ | [ sl
j=1 Y1k |1k

2k

1/p 1/p7 P
32’@2/ / ()P dt / 117" dt dz
j=1 Y1k, Ik, Iyj
21€
[l
; Iy, j _< Iy,

2k
_ 2kpkkp/P’Z/ | f(t)[P dt
j=1 71k

-/ Sl

= [I715 < oo

(By Hélder’s inequality)

»J

|F()]P dt) 2’“17/?’] dx

]

By Lebesgue’s Differentiation Theorem, f, — f a.e. By Fatou’s Lemma,

1 1
[ 1 < timint [
0 0

1
< limSUP/ | fil?
0

we have

1
< / | fIP. (since fol | frl? < fol |f|P for all k)
0
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Hence || fillp = [ fllp-
Using Chapter 8 Exercise 12 (If fy — f a.e. and || fxll, = || fll,, 0 <p <
oo, then || f — fi|l, = 0), we can conclude that f, — f in LP(0,1) norm.
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