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Book: Measure and Integral by Wheeden and Zygmund

5 Chapter 5

5.1 Q10

Assume p > 0, [ |f — fil? = 0, and [, |fil? < M for all k.
By Q9, there is a subsequence f, — f a.e. in E. Since t > [t|P is
continuous, | f,|? — |f[P a.e. in E.

By Fatou’s Lemma,

1 <timint [ 17, <o

E J—7oeo JE

5.2 Q14

Let f € LP(E). WLOG we may assume f > 0 since for a > 0,
0 < aPula) = a’|{f > a}| < |{|f] > a}].

Thus if lim, 04 a?|{| f| > a}| = 0, that would imply lim, 0 a’w(a) = 0.
Let € > 0.

Lemma 5.1. We may choose ¢ > 0 such that f{f<5} fP<e.
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Proof. Define
0 if 0< f(z) <z
fulx) = *
f(z) otherwise.

Then f; — f? and |ff| < f?. Since f? € L(E), by Lebesgue’s DCT, [, fi —

[ f*. There exists K such that for k > K, | [, f*— [, ft] = |f{f<1} fPl <e.
—k

Take § = +, then f{fg}fp<e. O

Note that w(a),w(d) < oo since f € LP(E). Thus

a’lw(a) —w(d)] = a’[l{f > a}| = {f > o} ]
= a’l{a < f <0}

— / ap
{a<f<6}

g/ I
{a<f<8}

<e€

for 0 < a <.
Rearranging, we get a?w(a) < € + a’w(d). Letting a — 0+ gives
lim a’w(a) =0
a—0+

since € > 0 is arbitrary.

5.3 Q15

Since w(a) is a decreasing function, for a > 0 we have

/ ozplw(oz)dQZw(a)/ o? 1 da

/2 a/2

::w(a)[ﬁf}a

p a/2
2P —1
2Pp

= w(a)a?(

).



Thus,

2p “ 2p “
a’w(a) < P / P lw(a) da < P / o’ lw(a) da.
%=1 Jos v 1,

Lemma 5.2. lim,_,o [ o w(c) do = 0.

Proof. For 0 < a < 1, we have

a 1 1
/ o’ lw(a) da :/ o’ lw(a) da —/ P lw(a) da.
0 0 a

Note that fal P lw(a)da = fo o’ tw(a) - X da. Let ap — 0+, then
note that
0 < o’ w(@) Xy /0P w(a)

n (0,1) thus by Monotone Convergence Theorem,

/apl da—>/ap1

as a — 0+4. This proves lim, o1 [ o# 'w() dov = 0. O

Hence lim, 04 aP’w(a) = 0 as a direct consequence of the lemma.

Similarly for b > 0 we have

2Pp b
bPw(b) < / o’ lw(a) da.
2p - 1 b/2

Lemma 5.3. limy_, fbb/z aP lw(a) da = 0.

Proof. Write

b b b/2
/ P rw(a) da = / P rw(a) do — / P lw(a) da.
b/2 0 0

By similar argument using Monotone Convergence Theorem, we have

b b/2 0o
lim [ o 'w(a)da = lim o’ tw(a) da = / a? tw(a) da < co.
b—o0 0 b— o0 0 0
Thus limy_, fbb/2 aPtw(a) da = 0. O

This proves limy_, ., bPw(b) = 0.



5.4 Q16

Let By ={x € E:a < f(z) <b}for 0 <a<b<oo. We quote a theorem
from the textbook:

Theorem (Theorem 5.46). If a < f < b (a and b finite) in E (| F| < co) and
¢ is continuous on [a, b], then [, ¢(f) = — f; P(a) dw(a).

Note that |E.,| < w(a) < oo and ¢(a) = P is continuous. Applying

/Eabfp:—/abapdw(a).

Taking limits as a — 0+ and b — oo, we get

/Efp:—/oooozpdw(oz)

by Monotone Convergence Theorem, since fPxpg,, / f? on E.
If [PaPdw(a) = —o0 and [;° a? 'w(a)da = oo, then Theorem 5.51

holds since

oo:/Efp:—/Oooapdw(a):p/oooap_lw(a)da.

Next, assume either [~ aP dw() or [~ o 'w(w) is finite.

Theorem 5.46, we have

By Theorem 2.21 (integration by parts), if 0 < a < b < 0o, we have

- / af dw(a) = —bPw(b) + dw(a) +p/ o’ tw(a) da (5.1)

using the fact that o is continuously differentiable on [a, b].

Case 1) If [ o#'w(a) da < oo, using Q15 and taking limits as a — 0+,

b — oo in (5.1)), we get
—/ a? dw(a) =0 +O+p/ o’ tw(a) da.
0 0
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Case 2) If | [[¥ a” dw(a)| < oo, then [, f7 = — [[F aP dw(a) < oo, i.c.
f € LP(E). Thus Lemma 5.50 and Q14 holds so that limp . bPw(b) =
lim, 04 a’w(a) = 0. Hence taking limits as a — 0+, b — oo in (5.1)), we get

_ /OOO o dw(a) = p/ooo o tw(a) da.

5.5 Q18

Let f > 0. By Question 16,

[ =p [ @ wta)da,

thus f € LP iff [77 oP 'w(a) do < oo.
The key observation is

2k+1

/0 o tw(a) da = Z/ o w(a) da. (5.2)

k=—o00

Since a?~! is increasing and w(«) is decreasing, we have

2k:+1 2k+1 2k+1

/zk (Zk)P—lw(QkH)g/Zk ap—lw(&)§/2k (2F+1 P (28).

Simplifying, we get

2k+1
27 P[2kHLpy (2k+1)] < / oP () < 2P 2R (28],
2k
Summing from k£ = —oco to k = oo, we get

o0

27° Z ok+Dp ) (2k+1) S/ o w(a)da < 2071 Z 2kP,(27).

0

k=—o0 k=—o00

Note that the left most term

o0

9—P Z 2(k+1)pw(2k+1) — 9P Z Qkpw(Qk)

k=—0o0 k=—0o0
by change of index in summation.
Therefore Y37 28w (2%) < oo iff [ aP'w(a) do < o iff f € L7
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5.6 Q20

We first prove the statement for any indicator function xg,, where £y C E

is measurable. We will use the following theorem.

Theorem (Theorem 3.35). Let T be a linear transformation of R™, and let

E be measurable. Then |[TE| = |detT||E|.

We have
| det T'| Xg, (Tx)dr = |detT\/ X1-18, (T) dz
T-1E T-1E
= |det T||T " E,|
= |det T||det || E| (by Theorem 3.35)
= |E,| (since |det T||det T™| = 1)

= /E X (y) dy.

By linearity of the integral, the statement is also true for any simple
function f(z) = 3.~ | axxp, (z), where Ey, ..., Ey are measurable.
Write f = ft — f~. Since ft > 0, there is an increasing sequence

of measurable simple functions f; , f*. Then by Monotone Convergence

/ ) dy = | det T| / f*(T) de
E T-1F

Since f~ > 0, similarly the statement is also true for f~.

Theorem,

Since [, f 1 f(y) dy exists, at least one of the integrals /, 2T (y)dy, [of s/ () dy

is finite (so the case oo — 0o will not occur), thus we may conclude that
[1war=[ rrway- [ £
“detT| [ fH(Tw) do — |detT|/ ~(Tx) dz
T-1E
= |det T / f(Tx)dx.
T-1E
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57 Q21

We will use the following theorem:

Theorem (Theorem 5.11). Let f be nonnegative and measurable on E.
Then fEf =0 if and only if f =0 a.e. in E.

We have f{fZO} f = 0since {f > 0} is a measurable subset of E. Thus
by Theorem 5.11, f =0 a.e. in {f > 0}.

Next we have || (f<0y / = 0 since {f < 0} is a measurable set. This implies
f{f<0}(—f) = —0 = 0. Since —f is nonnegative and measurable on {f < 0},
this implies —f = 0 a.e. in {f < 0}.

Therefore f =0 ae. in E={f >0} U{f <0}.

6 Chapter 6

6.1 Q2

Let F(z,y) := f(z), G(z,y) := g(y) for all z,y € R™. Observe that
{(z,9) R x R|F(z,y) > a} = {z € R"|f(x) > a} x R”

which is measurable by repeated application of Lemma 5.2 which states that
E x R is measurable for measurable £ C R™. Thus, F(z,y) is measurable
in R" x R™.

Similarly,

{(z,y) € R" x R"|G(z,y) > a} =R" x {y € R"|g(y) > o}

is a measurable set. Thus, G(z,y) is measurable in R" x R".
Hence F(z,y)G(z,y) = f(x)g(y) is measurable in R™ x R".
Let E; and E5 be measurable subsets of R". Then yp, and xpg, are

measurable in R”. By the earlier part, x g, ()X g, () is measurable in R" xR".
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Note that xg1(2)xE,(¥) = XE xE(T,y), so E1 X E, is measurable in
R™ x R".

| By x B = // Xy x B (T, ) d dy

R xR"

XEq (I)XE2 (y) dx dy
R xR"™

= /XEl(a:) /XEQ(y) dy| dx (by Tonelli’s Theorem)

RTL n
I/XEl(SU) dx - | s
Rn
= |E1||Eal.

6.2 Q4

By Lemma 6.15, f(z 4+ t) and f(—x + t) are both measurable in R?. By

Tonelli’s Theorem,

|f(x+1t)— f(—x+t)|dtde = { lf(x+1t)— f(—x+1)|dt
[(!112 / /
d
§/0 cdx

=c.
We quote the following result:

Theorem (Chapter 5 Exercise 20). Let y = Tz be a nonsingular linear

transformation of R™. If [, f(y)dy exists, then

/ F(y)dy = | det T / (T dr.
E T-1F
8



()= ()=
Let T = so that =T
-1 1 i

that 7' E is the convex hull of {(0,0), (—3,3),(0,1),(3,3)}.

/ () — F(n)| dnde

|detT|//|fx+t (—z+t)|dtdx

<9 // f@+1) = f(—z +8)|dtdzr  (since T'E C [—1,1] x [0, 1])

[—1,1]x[0,1]

= 4/ |f(z+1t)— f(—x+1t)|dtdx (by periodicity of f)

< 4e.

Hence f(£)— f(n) is integrable over the square [0, 1]2. By Q3, we conclude
that f € L]0, 1].

6.3 Q5
(a)

/ f=1R(f, E)| (by definition of the integral)
E

// d dy

R(f,E)

= / [ / dx] dy (by Tonelli’s Theorem)
0 {a:(z,y)eR(f,E)}

:/OOO|{xEE:f(x)Zy}‘dy

= /OOOW(@/) dy.



The last equality follows from the fact that w(y) is decreasing thus has count-
ably many points of discontinuity, and w(y) = [{x € F : f(z) > y}| unless y

is a point of discontinuity of w.

(b)

Note that fP(x) = fof(x) py?~tdy for all x € E. Thus

f(=)
/fp(x)dx:// pyP~t dy dx
E EJo

= / / py? ' dy dx (by Tonelli’s Theorem)
R(f,E)

= / / py*'drdy  (by Tonelli’s Theorem)
0 Jizer )2y
=p/ ¥ lw(y) dy
0

since w(y) = {x € E: f(x) > y}| almost everywhere.
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