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4 Chapter 4

41 Q3

(=) Assume F' is measurable.

Let G be an open set in R. Then G x R is open in R2. Thus
FHGxR)={xcR": f(z) € G and g(x) € R} = f1(G)

is measurable.
Hence f is measurable. Similarly, we can show ¢ is measurable.
( <) Assume both f and g are measurable in R™.
Let G be a open set in R%. By definition of product topology,

G:

s

Il
—

(A; x By)

)

where A;, B; are open sets in R.
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=z eR": f(z) € A and g(z) € By}

— U (7' (A) Nng N (By)).

Since both f~!(A4;) and ¢g~'(B;) are measurable, and the collection of
measurable sets is a o-algebra, thus F~!(G) is measurable. Therefore F is

measurable.

42 Q5

Let F' be the Cantor-Lebesgue function. Define
f(z) =inf{a €[0,1] : F(a) = x}

for x € [0,1). Then f(F(z)) = F(f(z)) =« for all x € C’, where C’ denotes
the Cantor set excluding all right end-points of intervals removedﬂ. Hence,
f is the inverse of F' restricted to C".

We have that F(C’) = [0, 1], so F(C") contains a non-measurable set A.
Let Z C C" be a set of measure zero such that F'(Z) = A. Define ¢ := x,

the characteristic function of Z. Note that

Fo7(0,2) = fY(2) = F(Z) = A.

This shows that ¢(f(x)) is not measurable.
Note that f is monotone thus measurable. ¢ is measurable since {¢ > a}

is either the empty set (), Z, or [0, 1], all of which are measurable.

'That is, C' = C'\ {3,2,3,...}. This is needed to make F injective on C’, otherwise

no inverse would exist.



Show that the same may be true even if f is continuous.

Let g(z) = x+ F(x). Note that ¢ : [0,1] — [0, 2] is strictly monotone and
continuous, thus it has a continuous inverse. Let f = g .

We claim that |g(C')| = 1, where C is the Cantor set. This is because F' is
constant on every interval in [0, 1]\, so g maps such an interval to an interval
of the same length. So |g([0,1] \ C)| = 1. Since |g([0, 1])| = [0, 2]| = 2, this
proves the claim that |g(C)| = 1.

Similarly to before, let W C C be a set of measure zero such that g(W) =

A, where A is a non-measurable set. Define ¢ := xy. Then

F71o7H(0,2)) = f7H(W) = g(W) = A.

Thus ¢(f(x)) is not measurable.

4.3 Q12

Assume f(z) is continuous at almost every point of [a, b]. Let
E ={x € [a,b] : f is continuous at x}.

Let Z = [a,b] \ E. Then |Z] = 0. Note that Z is measurable, and
E =la,b] \ Z is measurable too.

For any finite o, we have
{z €la,b]: f(x) >a}={az e E: f(z)>alU{xeZ: f(z)> a}l.

Note that {x € E : f(z) > a} is measurable since f is continuous thus
measurable on £.

Since {x € Z : f(x) > a} C Z, thus [{z € Z : f(z) > a}| = 0. Hence
{r € Z: f(x) > a} is also measurable.

Thus {x € [a,b] : f(x) > a} is measurable. This means f is measurable

on [a,b].



Generalize this to functions defined in R".
Our proof generalizes to show that if f(x), x € R", is continuous at

almost every point of a n-dimensional interval I, then f is measurable on I.

4.4 Q15

Let € > 0. For each n € N, define

E, ={zr€E:|fi(x)| <nforallk} = {z € E:|fu(z)| <n}.
k=1

Note that each FE,, is measurable since each f; is measurable.

Since each M, < oo, we have that F,, /' E. By the Monotone Conver-
gence Theorem for measure, lim,, . |E,| = |E| < co. Thus, there exists N
such that

|E| - |En| = |E\ En| < €/2.

Let F' be a closed set contained in Ey such that |Ey \ F| < ¢/2.
Then |[E\ F|=|E\ Ex|+|Ex\ F| < € and |fx(z)] < N for all k and all
z e F.

4.5 Q16

(= ) Assume f, = f on E. Let ¢ > 0 be given. By definition of

convergence in measure,

Jim [{z € B |f(x) = fe()] > e}| = 0.

By definition of limit, there exists K such that |{|f — fi| > €}| < € if
k>K.

( <= ) Assume that given any € > 0, there exists K such that [{|f— fx| >
e} <eif k> K.



Let 0 > 0. Given any € > 0, we wish to show that there exists K such that
{|f — fr] > 0} < eif k > K. This would imply limg_,o [{|f — fx| > d}| =0,
and thus f; > f.

Case 1: ¢ > 4.

By assumption, there exists K such that [{|f — fx| > 0} < § < e if
k> K.

Case 2: € <.

Since {|f — fi| > 6} € {|f — fu| > €}, thus
If = ful > 03 < KIS = ful > e}] <e

it k> K.

Give an analogous Cauchy criterion: f;, = f on E if and only if
given € > 0, there exists K such that [{|fx — fi| > €}| <eif kI > K.

Proof is analogous to the previous part, using Theorem 4.23 (Cauchy

criterion for convergence in measure).

4.6 Q17
4.6.1 Addition

Assume that f, = f and gy — g on E. Let € > 0. There exists K; such
that [{|f — fx| > €/2}| < €/2 if kK > K. Similarly, there exists K such that
{lg — grl > €/2}| <€/2if k > K.

Since

{(f +9) = (fe+ g0l > e} SAIf = ful > €/2F U{lg —aul < €/2},

thus
I +9) = (fe+ g0l > e}l <e/24€/2 =€
if & > max{K, Ks}.
Ths implies fi + g1 — f + g on E.
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4.6.2 Multiplication

Further assume |E| < co. Write

fege — fg = (fr — ) gk — 9) + flge — 9) + 9(fe — f)-

There exists K3 such that |{|f — fx| > Ve}| < €/2if k > Kj3. There exists
K4 such that [{|g — gx| > Ve}| <e€/2if k > Kj.
If & > max{Ks, K4}, then

{1 = e = 9l > e} < KIf = ful > Ve + [{lg — gl > Vel <e.

Thus (fr — f)(gx — g) = 0.

Applying Question 15 to {f}, there is a closed FF C E and a finite M
such that |E'\ F| < €/2 and |f(x)| < M for all x € F. We may assume
M # 0, as the case M = 0 is trivially trueﬂ

Thus

{1flge =9l >}l =Rz e F:|f(gr—g)l > e} +[{z € EXF:|f(gr—g)| > €}
<HxeF:lg—gl>e¢/M}+|E\F|
<€/2+¢/2

for sufficiently large k. Thus f(gx — g) — 0. Similarly g(fx — f) = 0.
By our result of “Addition”, figr — fg — 0, that is, fugr — fg on E.

4.6.3 Division

Assume in addition that gy — g on E, g # 0 a.e., and |F| < co. Note that
since we have proved “Multiplication”, it suffices to show that 1/g; — 1/g
on L.

We use Theorem 4.21 (a.e. convergence and |E| < oo implies convergence

in measure). Note that since g # 0 a.e., 1/¢g is measurable and finite a.e. in

Hfge—9)l > e}l = {z € F: |f(gp—9)| > e}[+{z € E\F : |f(gr—9)| > €}| < 0+¢/2.
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E. Since g — g on E, for sufficiently large k, g, # 0 a.e. so that 1/g is also
measurable and finite a.e. in F.

By Theorem 4.21, since 1/g; — 1/g a.e. on E and |E| < oo, then 1/g; —
1/g on E.

4.7 Q18

Since f, 7 f, we have

wr, = {fk > afl < {ferr > a}[ = wp,-
Lemma 4.1. [ {fx > a} ={f > a}.

Proof. g {fx > a} C {f > a} is clear since f; / f. Let x € {f > a}.
Since f 7 f, there exists K such that f(z)— fx(x) < f(x) —a. This implies

fx(x) > a,sox € {fx >a}. Hence {f >a} C U {fx > a}. O

Since {fx > a} / Ui {fx > a} = {f > a}, by MCT for measure,
wyr, S wry.

Part 2

Now assume fj, — f. Let € > 0.

Let Ey = {|fx — f| > €}. For any § > 0, there exists K such that |Ej| <
forall k > K.

Since fr = (fr — )+ f,
{fe >a} CE,U{f>a—¢€}
Thus
wy, (a) < |Ex| +wila—€) < d+wrla—e)

for all k > K.
This means wy(a — €) is an eventual upper bound of {wy,(a)}, thus

lim sup,_, . wy, (@) < wp(a —¢).



Analogously, since f = (f — fi)+ fr, we have {f > a+e€} C ExU{fr > a}.
Thus
wr(a+e€) < |Ey| +wyp(a) <0+ wy(a)

for all £ > K. Hence liminfy_, wy, (@) > wr(a + €).
Let a be a point of continuity of w;. Taking limits as € — 0 in the
inequalities above, we get

limsupwy, (a) < wgs(a) < lilgn inf wy, (a).
—00

k—o00

Since lim infy,_,o wy, (a) < limsup,,_, . wy, (a) always holds, we get

lim wy,(a) = wy(a)

as desired.

4.8 Q19

We prove that if f is continuous in x for each y, and f(z,y) is measurable
for each fixed x € [0, 1], then f is a measurable function of (z,y). Note that
this will answer both questions in Q19, since a continuous function is also a
measurable function.

Partition [0, 1] into n subintervals with equal length. Define
folz,y) = f(%,y) for x € [% B E=0,...,n— 1.

Since f is continuous at % for each fixed y, given € > 0 there exists d, such
that whenever |z — 5[ < &, |f(z,y) — f(£,y)] <e
For all n > %, if z € [£,51) 'we have [z — £| < 1 < §,, so that | f(z,y) —

f(£,y)| < e. This means that f,(z,y) converges to f(z,y) pointwise.

Lemma 4.2.

n—1

{(z,9) € 0,17 fulwy) > o} = [ J (5,551 x {y € [0.1]: f(£,) > a}).

k=0



Proof. (C) If (p,q) € {fu(z,y) > @}, then fu(p,q) = f(%,q) > o where
p € [E, 5L for some 0 < k <n—1. Note that ¢ € {y € [0,1] : f(£,y) > a}.
Thus, (p,9) € Ui (15 552) x {y € 0,11 : f(%,3) > a}).

(D) I (p,q) € UrZy (15, 5y x {y € [0,1] : f(E,y) > a}), thenp € [£, EEL)
for some 0 < k <n—1, and f(£,q) = fu(p,q) > a. Thus (p,q) € {(z,y) €

0,112 : fulz,y) > a}. O

Since we assumed f(x,y) is measurable for fixed x € [0,1], {y € [0,1] :
f (%, y) > a} is measurable for each k. By the previous lemma, we see that
{fn(z,y) > a} is a union of measurable sets thus is a measurable set. Thus
each f, is a measurable function.

Hence, f = lim,_,o f, is measurable.

5 Chapter 5

51 Q4

Let f € L(0,1). Note that * is continuous thus measurable on (0,1). So
z¥ f(z) is measurable on (0, 1), for all k € N.
For x € (0,1), ¥ <1, so 2 f(x) < f(z) for all k € N. Hence

/1xkf(x)d:c§/1f(x)dx<oo,
0 0

therefore 2% f(z) € L(0,1) for all k € N.
Note that z*f — 0 a.e. on (0,1). This is because |f(z)| < oo a.e. since
f € L(0,1). Since |z*f] < |f] and |f| € L(0,1), by Lebesgue’s Dominated

Convergence Theorem,

/lekf(x)dx%/ol()dxzo.



52 Q5

Let {fx} be a sequence of measurable functions on E such that f, — f a.e.
in E. Assume |F| < oo and there exists M < oo such that |fx| < M a.e. in
E. Note that this implies |f| < M < oo a.e. in E.

By Egorov’s Theorem, there is a closed subset F' C E such that |E\F| < ¢
and {fx} converge uniformly to f on F. Since |fi| < M a.e. on F C E,

/F|fk|§/FM<OOa

so fr € L(F) for each k. By Uniform Convergence Theorem, f € L(F') and

Now,

Joat o

< /E\F|f—fk‘
< /E 15D

< / 2M
E\F

< 2Me.

Since € > 0 is arbitrary, fE\F fr — fE\F f. Thus

/Esz/Ffm[E\Ffw/FH/E\Ff:[Ef

as k — 00.

53 Q6
By definition of derivative,

a h, - )
O )= g TR0 = [0)

—0
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Let h, be a sequence tending to zerﬂ. Define

f($+hn7y) _f(l’,y)
hn,

Pn(z,y) =

Since for each x, f(x,y) is a measurable function of y, so is ¢, (z,y). Thus
g—f;(x, y) = lim,, o0 ¢, (x,y) is a measurable function of y for each z.
By Mean Value Theorem, for each n,

Onl(z,y) = %(c, y) for some ¢ € (x,x + hy,).

Thus for all n,

’?bn(xv y)| < sup
z€[0,1]

%m)\ < co.

Since 2L is a bounded function,

oz
1
0
/ sup —f(:c,y)‘ dy < oo.
0 z€[0,1]

ox

By Lebesgue’s DCT,

1

1
. 0
lim i cbn(fv,y)dy:/o FRAGKOL

n—oo

Note that
1 1 L du— 1 p
lim | ¢n(z,y)dy = lim Jo @+ hoy)dy — [ f(z,y)dy
n—oo 0 n—oo hn
d 1
= - dy.
da:/o f(z,y)dy
Thus
d/lf( )d /laf( ) d
- z _ .
dx 0 Yy 0 or yy)ay
as desired.

3with h,, # 0 and x + h,, € [0, 1].

11



54 Q9

Let p >0 and [, |f — fel" = 0 as k — co. First we prove a lemma.

Lemma 5.1 (L? version of Tchebyshev’s inequality).
=< [
o < —
P J{f>a}

fora>0,0<p<oo.

Proof.

/ (ﬁz/ o? = o?|{f > a}].
{f>a} {f>a}
]

Let § > 0. There exists K such that if &k > K, [.|f — filP < d. Using
the Lemma, for any € > 0, if £ > K we have

1 )

_pp < _ st 2

-arsg [1r-sr<g

€

Uf-sl>al<5 [

{lf=fr|>€}

Since § > 0 is arbitrary, limg_,o [{z € E : |f(z) — fr(z)] > €}| = 0, so
fk E) f on F.

In particular, there is a subsequence fy, — f a.e. in E.
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