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4 Chapter 4

4.1 Q3

( =⇒ ) Assume F is measurable.

Let G be an open set in R. Then G× R is open in R2. Thus

F−1(G× R) = {x ∈ Rn : f(x) ∈ G and g(x) ∈ R} = f−1(G)

is measurable.

Hence f is measurable. Similarly, we can show g is measurable.

(⇐= ) Assume both f and g are measurable in Rn.

Let G be a open set in R2. By definition of product topology,

G =
∞⋃
i=1

(Ai ×Bi)

where Ai, Bi are open sets in R.
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F−1(G) =
∞⋃
i=1

F−1(Ai ×Bi)

=
∞⋃
i=1

{x ∈ Rn : f(x) ∈ Ai and g(x) ∈ Bi}

=
∞⋃
i=1

(
f−1(Ai) ∩ g−1(Bi)

)
.

Since both f−1(Ai) and g−1(Bi) are measurable, and the collection of

measurable sets is a σ-algebra, thus F−1(G) is measurable. Therefore F is

measurable.

4.2 Q5

Let F be the Cantor-Lebesgue function. Define

f(x) = inf{a ∈ [0, 1] : F (a) = x}

for x ∈ [0, 1]. Then f(F (x)) = F (f(x)) = x for all x ∈ C ′, where C ′ denotes

the Cantor set excluding all right end-points of intervals removed1. Hence,

f is the inverse of F restricted to C ′.

We have that F (C ′) = [0, 1], so F (C ′) contains a non-measurable set A.

Let Z ⊆ C ′ be a set of measure zero such that F (Z) = A. Define φ := χZ ,

the characteristic function of Z. Note that

f−1φ−1((0, 2)) = f−1(Z) = F (Z) = A.

This shows that φ(f(x)) is not measurable.

Note that f is monotone thus measurable. φ is measurable since {φ > α}
is either the empty set ∅, Z, or [0, 1], all of which are measurable.

1That is, C ′ = C \ { 23 ,
2
9 ,

8
9 , . . . }. This is needed to make F injective on C ′, otherwise

no inverse would exist.
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Show that the same may be true even if f is continuous.

Let g(x) = x+F (x). Note that g : [0, 1]→ [0, 2] is strictly monotone and

continuous, thus it has a continuous inverse. Let f = g−1.

We claim that |g(C)| = 1, where C is the Cantor set. This is because F is

constant on every interval in [0, 1]\C, so g maps such an interval to an interval

of the same length. So |g([0, 1] \ C)| = 1. Since |g([0, 1])| = |[0, 2]| = 2, this

proves the claim that |g(C)| = 1.

Similarly to before, let W ⊆ C be a set of measure zero such that g(W ) =

A, where A is a non-measurable set. Define φ := χW . Then

f−1φ−1((0, 2)) = f−1(W ) = g(W ) = A.

Thus φ(f(x)) is not measurable.

4.3 Q12

Assume f(x) is continuous at almost every point of [a, b]. Let

E = {x ∈ [a, b] : f is continuous at x}.

Let Z = [a, b] \ E. Then |Z| = 0. Note that Z is measurable, and

E = [a, b] \ Z is measurable too.

For any finite α, we have

{x ∈ [a, b] : f(x) > α} = {x ∈ E : f(x) > α} ∪ {x ∈ Z : f(x) > α}.

Note that {x ∈ E : f(x) > α} is measurable since f is continuous thus

measurable on E.

Since {x ∈ Z : f(x) > α} ⊆ Z, thus |{x ∈ Z : f(x) > α}| = 0. Hence

{x ∈ Z : f(x) > α} is also measurable.

Thus {x ∈ [a, b] : f(x) > α} is measurable. This means f is measurable

on [a, b].
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Generalize this to functions defined in Rn.

Our proof generalizes to show that if f(x), x ∈ Rn, is continuous at

almost every point of a n-dimensional interval I, then f is measurable on I.

4.4 Q15

Let ε > 0. For each n ∈ N, define

En := {x ∈ E : |fk(x)| ≤ n for all k} =
∞⋂
k=1

{x ∈ E : |fk(x)| ≤ n}.

Note that each En is measurable since each fk is measurable.

Since each Mx < ∞, we have that En ↗ E. By the Monotone Conver-

gence Theorem for measure, limn→∞ |En| = |E| < ∞. Thus, there exists N

such that

|E| − |EN | = |E \ EN | < ε/2.

Let F be a closed set contained in EN such that |EN \ F | < ε/2.

Then |E \F | = |E \EN |+ |EN \F | < ε and |fk(x)| ≤ N for all k and all

x ∈ F .

4.5 Q16

( =⇒ ) Assume fk
m−→ f on E. Let ε > 0 be given. By definition of

convergence in measure,

lim
k→∞
|{x ∈ E : |f(x)− fk(x)| > ε}| = 0.

By definition of limit, there exists K such that |{|f − fk| > ε}| < ε if

k > K.

(⇐= ) Assume that given any ε > 0, there exists K such that |{|f−fk| >
ε}| < ε if k > K.
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Let δ > 0. Given any ε > 0, we wish to show that there exists K such that

|{|f − fk| > δ}| < ε if k > K. This would imply limk→∞ |{|f − fk| > δ}| = 0,

and thus fk
m−→ f .

Case 1: ε ≥ δ.

By assumption, there exists K such that |{|f − fk| > δ}| < δ ≤ ε if

k > K.

Case 2: ε < δ.

Since {|f − fk| > δ} ⊆ {|f − fk| > ε}, thus

|{|f − fk| > δ}| ≤ |{|f − fk| > ε}| < ε

if k > K.

Give an analogous Cauchy criterion: fk
m−→ f on E if and only if

given ε > 0, there exists K such that |{|fk − fl| > ε}| < ε if k, l > K.

Proof is analogous to the previous part, using Theorem 4.23 (Cauchy

criterion for convergence in measure).

4.6 Q17

4.6.1 Addition

Assume that fk
m−→ f and gk

m−→ g on E. Let ε > 0. There exists K1 such

that |{|f − fk| > ε/2}| < ε/2 if k > K1. Similarly, there exists K2 such that

|{|g − gk| > ε/2}| < ε/2 if k > K2.

Since

{|(f + g)− (fk + gk)| > ε} ⊆ {|f − fk| > ε/2} ∪ {|g − gk| < ε/2},

thus

|{|(f + g)− (fk + gk)| > ε}| < ε/2 + ε/2 = ε

if k > max{K1, K2}.
Ths implies fk + gk

m−→ f + g on E.

5



4.6.2 Multiplication

Further assume |E| <∞. Write

fkgk − fg = (fk − f)(gk − g) + f(gk − g) + g(fk − f).

There exists K3 such that |{|f−fk| >
√
ε}| < ε/2 if k > K3. There exists

K4 such that |{|g − gk| >
√
ε}| < ε/2 if k > K4.

If k > max{K3, K4}, then

|{|(fk − f)(gk − g)| > ε}| ≤ |{|f − fk| >
√
ε}|+ |{|g − gk| >

√
ε}| < ε.

Thus (fk − f)(gk − g)
m−→ 0.

Applying Question 15 to {f}, there is a closed F ⊆ E and a finite M

such that |E \ F | < ε/2 and |f(x)| ≤ M for all x ∈ F . We may assume

M 6= 0, as the case M = 0 is trivially true2.

Thus

|{|f(gk − g)| > ε}| = |{x ∈ F : |f(gk − g)| > ε}|+ |{x ∈ E \ F : |f(gk − g)| > ε}|

≤ |{x ∈ F : |gk − g| > ε/M}|+ |E \ F |

< ε/2 + ε/2

for sufficiently large k. Thus f(gk − g)
m−→ 0. Similarly g(fk − f)

m−→ 0.

By our result of “Addition”, fkgk − fg
m−→ 0, that is, fkgk

m−→ fg on E.

4.6.3 Division

Assume in addition that gk → g on E, g 6= 0 a.e., and |E| < ∞. Note that

since we have proved “Multiplication”, it suffices to show that 1/gk
m−→ 1/g

on E.

We use Theorem 4.21 (a.e. convergence and |E| <∞ implies convergence

in measure). Note that since g 6= 0 a.e., 1/g is measurable and finite a.e. in

2|{|f(gk−g)| > ε}| = |{x ∈ F : |f(gk−g)| > ε}|+|{x ∈ E\F : |f(gk−g)| > ε}| < 0+ε/2.
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E. Since gk → g on E, for sufficiently large k, gk 6= 0 a.e. so that 1/gk is also

measurable and finite a.e. in E.

By Theorem 4.21, since 1/gk → 1/g a.e. on E and |E| <∞, then 1/gk
m−→

1/g on E.

4.7 Q18

Since fk ↗ f , we have

ωfk = |{fk > a}| ≤ |{fk+1 > a}| = ωfk+1
.

Lemma 4.1.
⋃∞
k=1{fk > a} = {f > a}.

Proof.
⋃∞
k=1{fk > a} ⊆ {f > a} is clear since fk ↗ f . Let x ∈ {f > a}.

Since fk ↗ f , there exists K such that f(x)−fK(x) < f(x)−a. This implies

fK(x) > a, so x ∈ {fK > a}. Hence {f > a} ⊆
⋃∞
k=1{fk > a}.

Since {fk > a} ↗
⋃∞
k=1{fk > a} = {f > a}, by MCT for measure,

ωfk ↗ ωf .

Part 2

Now assume fk
m−→ f . Let ε > 0.

Let Ek = {|fk−f | > ε}. For any δ > 0, there exists K such that |Ek| < δ

for all k ≥ K.

Since fk = (fk − f) + f ,

{fk > a} ⊆ Ek ∪ {f > a− ε}.

Thus

ωfk(a) ≤ |Ek|+ ωf (a− ε) < δ + ωf (a− ε)

for all k ≥ K.

This means ωf (a − ε) is an eventual upper bound of {ωfk(a)}, thus

lim supk→∞ ωfk(a) ≤ ωf (a− ε).
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Analogously, since f = (f−fk)+fk, we have {f > a+ε} ⊆ Ek∪{fk > a}.
Thus

ωf (a+ ε) ≤ |Ek|+ ωfk(a) < δ + ωfk(a)

for all k ≥ K. Hence lim infk→∞ ωfk(a) ≥ ωf (a+ ε).

Let a be a point of continuity of ωf . Taking limits as ε → 0 in the

inequalities above, we get

lim sup
k→∞

ωfk(a) ≤ ωf (a) ≤ lim inf
k→∞

ωfk(a).

Since lim infk→∞ ωfk(a) ≤ lim supk→∞ ωfk(a) always holds, we get

lim
k→∞

ωfk(a) = ωf (a)

as desired.

4.8 Q19

We prove that if f is continuous in x for each y, and f(x, y) is measurable

for each fixed x ∈ [0, 1], then f is a measurable function of (x, y). Note that

this will answer both questions in Q19, since a continuous function is also a

measurable function.

Partition [0, 1] into n subintervals with equal length. Define

fn(x, y) = f( k
n
, y) for x ∈ [ k

n
, k+1

n
), k = 0, . . . , n− 1.

Since f is continuous at k
n

for each fixed y, given ε > 0 there exists δy such

that whenever |x− k
n
| < δy, |f(x, y)− f( k

n
, y)| < ε.

For all n > 1
δy

, if x ∈ [ k
n
, k+1

n
), we have |x− k

n
| ≤ 1

n
< δy, so that |f(x, y)−

f( k
n
, y)| < ε. This means that fn(x, y) converges to f(x, y) pointwise.

Lemma 4.2.

{(x, y) ∈ [0, 1]2 : fn(x, y) > α} =
n−1⋃
k=0

(
[ k
n
, k+1

n
)× {y ∈ [0, 1] : f( k

n
, y) > α}

)
.
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Proof. (⊆) If (p, q) ∈ {fn(x, y) > α}, then fn(p, q) = f( k
n
, q) > α where

p ∈ [ k
n
, k+1

n
) for some 0 ≤ k ≤ n− 1. Note that q ∈ {y ∈ [0, 1] : f( k

n
, y) > α}.

Thus, (p, q) ∈
⋃n−1
k=0

(
[ k
n
, k+1

n
)× {y ∈ [0, 1] : f( k

n
, y) > α}

)
.

(⊇) If (p, q) ∈
⋃n−1
k=0

(
[ k
n
, k+1

n
)× {y ∈ [0, 1] : f( k

n
, y) > α}

)
, then p ∈ [ k

n
, k+1

n
)

for some 0 ≤ k ≤ n − 1, and f( k
n
, q) = fn(p, q) > α. Thus (p, q) ∈ {(x, y) ∈

[0, 1]2 : fn(x, y) > α}.

Since we assumed f(x, y) is measurable for fixed x ∈ [0, 1], {y ∈ [0, 1] :

f( k
n
, y) > α} is measurable for each k. By the previous lemma, we see that

{fn(x, y) > α} is a union of measurable sets thus is a measurable set. Thus

each fn is a measurable function.

Hence, f = limn→∞ fn is measurable.

5 Chapter 5

5.1 Q4

Let f ∈ L(0, 1). Note that xk is continuous thus measurable on (0, 1). So

xkf(x) is measurable on (0, 1), for all k ∈ N.

For x ∈ (0, 1), xk ≤ 1, so xkf(x) ≤ f(x) for all k ∈ N. Hence∫ 1

0

xkf(x) dx ≤
∫ 1

0

f(x) dx <∞,

therefore xkf(x) ∈ L(0, 1) for all k ∈ N.

Note that xkf → 0 a.e. on (0, 1). This is because |f(x)| < ∞ a.e. since

f ∈ L(0, 1). Since |xkf | ≤ |f | and |f | ∈ L(0, 1), by Lebesgue’s Dominated

Convergence Theorem, ∫ 1

0

xkf(x) dx→
∫ 1

0

0 dx = 0.
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5.2 Q5

Let {fk} be a sequence of measurable functions on E such that fk → f a.e.

in E. Assume |E| < ∞ and there exists M < ∞ such that |fk| ≤ M a.e. in

E. Note that this implies |f | ≤M <∞ a.e. in E.

By Egorov’s Theorem, there is a closed subset F ⊆ E such that |E\F | < ε

and {fk} converge uniformly to f on F . Since |fk| ≤M a.e. on F ⊆ E,∫
F

|fk| ≤
∫
F

M <∞,

so fk ∈ L(F ) for each k. By Uniform Convergence Theorem, f ∈ L(F ) and∫
F
fk →

∫
F
f .

Now, ∣∣∣∣∫
E\F

f −
∫
E\F

fk

∣∣∣∣ ≤ ∫
E\F
|f − fk|

≤
∫
E\F

(|f |+ |fk|)

≤
∫
E\F

2M

< 2Mε.

Since ε > 0 is arbitrary,
∫
E\F fk →

∫
E\F f . Thus∫

E

fk =

∫
F

fk +

∫
E\F

fk →
∫
F

f +

∫
E\F

f =

∫
E

f

as k →∞.

5.3 Q6

By definition of derivative,

∂f

∂x
(x, y) = lim

h→0

f(x+ h, y)− f(x, y)

h
.
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Let hn be a sequence tending to zero3. Define

φn(x, y) =
f(x+ hn, y)− f(x, y)

hn
.

Since for each x, f(x, y) is a measurable function of y, so is φn(x, y). Thus
∂f
∂x

(x, y) = limn→∞ φn(x, y) is a measurable function of y for each x.

By Mean Value Theorem, for each n,

φn(x, y) =
∂f

∂x
(c, y) for some c ∈ (x, x+ hn).

Thus for all n,

|φn(x, y)| ≤ sup
x∈[0,1]

∣∣∣∣∂f∂x (x, y)

∣∣∣∣ <∞.
Since ∂f

∂x
is a bounded function,∫ 1

0

sup
x∈[0,1]

∣∣∣∣∂f∂x (x, y)

∣∣∣∣ dy <∞.
By Lebesgue’s DCT,

lim
n→∞

∫ 1

0

φn(x, y) dy =

∫ 1

0

∂

∂x
f(x, y) dy.

Note that

lim
n→∞

∫ 1

0

φn(x, y) dy = lim
n→∞

∫ 1

0
f(x+ hn, y) dy −

∫ 1

0
f(x, y) dy

hn

=
d

dx

∫ 1

0

f(x, y) dy.

Thus
d

dx

∫ 1

0

f(x, y) dy =

∫ 1

0

∂

∂x
f(x, y) dy

as desired.

3with hn 6= 0 and x+ hn ∈ [0, 1].
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5.4 Q9

Let p > 0 and
∫
E
|f − fk|p → 0 as k →∞. First we prove a lemma.

Lemma 5.1 (Lp version of Tchebyshev’s inequality).

|{f > α}| ≤ 1

αp

∫
{f>α}

fp

for α > 0, 0 < p <∞.

Proof. ∫
{f>α}

fp ≥
∫
{f>α}

αp = αp|{f > α}|.

Let δ > 0. There exists K such that if k ≥ K,
∫
E
|f − fk|p < δ. Using

the Lemma, for any ε > 0, if k ≥ K we have

|{|f − fk| > ε}| ≤ 1

εp

∫
{|f−fk|>ε}

|f − fk|p ≤
1

εp

∫
E

|f − fk|p <
δ

εp
.

Since δ > 0 is arbitrary, limk→∞ |{x ∈ E : |f(x) − fk(x)| > ε}| = 0, so

fk
m−→ f on E.

In particular, there is a subsequence fkj → f a.e. in E.
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