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Book: Measure and Integral by Wheeden and Zygmund

3 Chapter 3

3.1 Q1

Choose ¢; to be the largest integer such that ¢;b~ < z. Inductively, choose
cn to be the largest integer such that Y, cb™" < z.

Taking limits as n — oo, we get

o0
Z b < .
k=1

By the maximality of ¢,, we have

n

n—1
chb_k <z< chb_k + (e +1)07"
k=1 k=1

for all n. So .

x — Z b ™ < (e + 1" —cy b =b"
k=1
for all n.

Taking limits as n — oo, we get

o0
T < Z cpbF.
k=1
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Uniqueness:
Suppose = > o, cpb™ = >0 dib™F. Let n be the least index where
¢ # dg. That is, ¢, # d,, and ¢ = dj, for all k < n.

We have
(n = dn)b™" = Z dyb™" — Z b = Z (dy, — c)bF.
k=n+1 k=n+1 k=n+1
Note that
b < (e —da)b " = Y ldi—elp < > (-1 =
k=n+1 k=n+1

with strict inequality if there exists |d,,, — ¢;n| # b — 1 for some m > n + 1.
Case 1) There exists |d,, —¢| # b—1. Then b= < b~ is a contradiction
so in fact no such index n exists. Hence the expansion is unique.
Case 2) |d, — ¢ = b—1 for all k > n+ 1. The only possibility is
dr =b—1 and ¢, = 0 (or vice versa) for all k > n + 1. So

n

T = chb_k +0= (clbn_1 4" 44 )b,
k=1

where ¢ := ;0" + "2+ -+ ¢, € {1,...,b" — 1} since in this case
0<z<l.

The other expansion is

T = zn:dkb‘k + i (b—1)b7F.
k=1

k=n+1
3.2 Q2
3.2.1 (a)

For this question, we write (0.cicz. .. )3 to represent » - ¢x37*. For exam-
ple, 0.025 = (0.0222...)5 = 0.13 = 1/3.



(=) Suppose z = (0.c1c3...)3 € C.

Case 1) x is not an endpoint of any of the intervals removed.

Note that ¢; # 1 since (3,2) = (0.13,0.23) is removed in the 1st stage.
Note that ¢; # 1 since (5,2) = (0.015,0.023) and (F,3) = (0.213,0.223)
are removed in the 2nd stage. Inductively, we can note that ¢, # 1 since
(0.b1bg ... bg_113,0.b1b5...b_12)3, where b; # 1, are removed in the kth
stage.

Case 2) zx is an end point of some interval removed.

If 2 = 0.b1by...bg_113, where b; # 1, then we write © = 0.b1by -+ -1 025.
If £ = 0.b1bs . ..bg_123, where b; # 1, we are done already.

We have proved that x € C' implies x has some triadic expansion for
which every ¢y is either 0 or 2.

( <= ) Assume x = (0.c1¢q...)s has some triadic expansion for which
every ¢ is either 0 or 2. Let C} denote the union of the intervals left at the

kth stage, so that C'= (), Ck. Each ¢ is either 0 or 2 implies that z is not
removed in the kth stage, for all k. So z € (,—, Cy, = C.

3.2.2 (b)

For this question, we are using notation in pg 43 of the textbook.

Let z € C and 2 = > 7, cx37%, where each ¢, is either 0 or 2. If z = 0,
f(x) =>>(5¢,)27" is clearly true.

Define z,, = ZZ:1 cx37%. Note that either z,, = 0, or z,, is the endpoint
of some open interval I7* (jth interval removed, ordered from left to right, at
stage n), where j = >"p_ (5¢,)2" %, See exampleﬂ

Since f,, is continuous,

o =1 _
falwn) = 327" = (5ex)27"

2
k=1

For example, if z,, = 0.223, it is the endpoint of (0,213,0.223) = I3.



for all n.

Using the fact that {f,} converges uniformly to continuous f, we have

. — 1
Fla) = lim fufn) = S (Ge2 "
k=1
3.3 Q4
Let C} denote the union of the intervals left at the kth stage, so that C' =
ﬂZil Ck-
Note that

|Ckl = (1 = 0)|Ch]
holds for all £ > 1, where |Cy| = 1. Since C' is covered by the intervals in
any C%, we have
Cle < |Chl = (1 - 0)"
for all k. Since 0 < 1 —6 < 1, we see that |C|. = 0.
To show C' is perfect, consider x € C. Each C}, is closed, so C' is closed.
x lies in an interval [ in Cj, for every k. Let x, € C'\ {z} be an endpoint of
I.. Then
|z — 2| < |Ckl = (1 —0)" =0
as k — 00.
Thus {z}} is a sequence in C'\ {z} that converges to z, and thus z is a

limit point.

3.4 Q5

Let Dy denote the union of the intervals left at the kth stage, so that the
resultant set is D = (,—; Dy.

At each stage k, the length of the intervals removed is 28-1§37%. Thus,
k

Dyl =1-) 2716377

=1
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Since Dy N\, D and |D;| < oo, by Monotone Convergence Theorem for

measure,

ID| = lim |Dy| =1 — 6.
k—o0

Observe that D; cannot contain an interval of length greater than 1/2,
since the interval removed is in the middle. Inductively, D) cannot contain
an interval of length greater than 1/2%. Thus D cannot contain an interval
of length greater than 1/2* for all k, so D contains no intervals.

Since each Dy, is closed, D is closed. To show D is perfect, consider x € D.
x lies in an interval I}, in Dy, for every k. Let z, € D \ {x} be an endpoint
of I;,. Then

|z — x| <] <1/28 = 0as k — oo,

Thus {z;} is a sequence in D \ {z} that converges to x. Hence D is

perfect.

3.5 Q9

Let € > 0. Since limy, o0 Y p_y |Ekle = D pey | Ekle < 00, there exists N such
that for n > N,

Z |Ek|e - Z |Ek|e - Z |Ek|e < €.
k=1 k=1

k=n+1

Write U = Uy, Bk, so that limsup By = (2, U;. Since limsup £y, C

UN+17
oo

| lim sup Ey|. < |Unqle < Z | Ekle <
k=N+1

Since € > 0 is arbitrary, |lim sup Ej|. = 0 so lim sup E} has measure zero.
Since liminf £}, C limsup Ej, |liminf Ey|. = 0 as well, so liminf £, has

measure zero as well.



3.6 Ql1

Suppose that |E|. < +o0.

( = ) Assume F is measurable. Let ¢ > 0. There exists an open set G
such that £ C G and |G\ E|. < e.

Since G is open, it can be written as a countable union of nonoverlapping
(closed) intervals, say G = Jp—; Ix.

We have

Yol =1Ll =G <|El +|G\ Bl < cc.

k=1 k=1

Thus, there exists N such that

o) [ee]
U nl= 3 Inl<e
E=N+1 k=N+1

Let S = Up_, I, M = Uiy I, and No = G\ E.

Then E = (SU Ny) \ Ny with |N]e, | Va|e < € as desired.

(<= ) Assume E = (SU N;) \ N,. Since S is measurable, we can pick
an open set G with § C G and |G\ S| < e. Pick another open set G with
N; C G and

|G1] < |Nile + € < 2e.
Note that (GUG;) \ E C (G\ S)UG; U N;.
Thus

(GUGY) \ Ele < |G\ S|e +|G1| + | N2|e < €+ 2¢ + € = 4e.

Since G U G4 is open, and F C GU G4, this means that E is measurable.

3.7 Q12

Lemma 3.1. If AC Rand Z C R with |Z] = 0, then |[AXx Z| = 0. Similarly,
|Z x A| = 0.



Proof. Let € > 0. Since |Z| = 0, there exists intervals {I;} such that Z C

Uiz Ik and 35,2, 1] <.
Write A, = AN [-n,n]. Then A= |J;_, A,. Note that

Ay x Z C[=nn] x | I = | ([=n.n] x L)

SO

[Ap % Z|e < 2n|I| = 2ne.

k=1

Since € > 0 is arbitrary, |A,, x Z| = 0 for each n. So
[Ax Zle=[{J(A x 2)c <D Ay x Z|. = 0.
n=1 n=1

Thus |A x Z| =0 as desired. O

Now, since F; is measurable, Fy = Hy U Z;, where H; is of type F, and
|Z1| = 0. Similarly, write Ey = Hy U Zs where Hs is of type F, and |Z5| = 0.
Then

El X E2 = (Hl X HQ) U (Hl X ZQ) U (Zl X HQ) U (Zl X ZQ)

Note that H; x Hj is of type F,, while the other terms have measure zero
by the previous lemma. Thus F; x E5 is measurable.

Case 1) Suppose |E;| and |Es| are both finite.

Since F, E, are measurable, for each k € N there are open sets S, O Fj,
T, 2 E, such that |Sy \ Ei| < 1/k, [Tk \ Es] < 1/k. We may assume
Sk+1 € Sk, Thyr C Ty, (if Sp1 € Sk, then define Sj,; = Sky1 N Sy, instead).

Since Sy, is open, Sy = gy Li for some nonoverlapping closed intervals.

Similarly, T}, = ;. /; for some nonoverlapping closed intervals.

jeN



So

LSk X I%|=: LJ (D X J})

(4,j)ENXN

= j{:\]ix JH

1,JEN

= > |Ll1Jj]

1,7EN

= Q1L 1))

ieN jeN
= | Skl Tl
Write S = (Noey Sks T = gy Tk- Then [S\ Ey1| = |T'\ Es| = 0.
Hence
‘Eh X Eb’::|S:Kjw
::%Hn\fﬁ;x Ik‘
= hn1|5@HT%|
k—o0
= |EL|| Es,
where the second equality follows by MCT for measure, since S x Ty \ S xT
and |Sg x Ty| < oo for some k since |E}|, | E2| are both finite. The last equality
also follows by MCT for measure.

Case 2) Suppose one of |E;|, |E;| are infinite.
If |Ey| = oo and |Ey| > 0, then write E} = E; N [—n,n].

’Ea X Eb|:: ﬁnl|EHLX Eb|
n—00
= lim |ET||E2|
n—00
= | Ex ]| B2l

= 0Q,



where the first equality follows by MCT for measure, since E' X Ey * Ey X Es.
If |Ey| = 00 and |Ey| =0, |Ey X Es| = 0 by our first lemma.

3.8 Q17

Let f be the Cantor-Lebesgue function, which is continuous.
Lemma 3.2. f(C) = [0,1], where C is the Cantor set.

Proof. f(C) C[0,1] is clear.
Let y € [0,1]. Write y in its binary expansion, i.e.

Yy = i cp27"
k=1

where ¢, = 0 or 1.
Consider x = >, ,(2¢;)37%. Since 2¢;, = 0 or 2, by Exercise 2, z € C.
Furthermore f(z) =Y 72, 2% =y. Soy € f(C). Hence [0,1] C f(C). O

Then, we have |f(C)| = 1. Since any set in R with positive outer measure
contains a non-measurable set, f(C') contains a non-measurable set A.
Note that f~1(A) C C so |f~'(A)| = 0. In particular f~'(A) is measur-
able. So
F(fFH(4) =4

gives the desired counterexample.

3.9 Q20

Let E be a nonmeasurable subset of [0, 1] whose rational translates are dis-
joint. Consider the translates of E by all rational numbers r, 0 < r < 1,
denoted B, = {z+7r:xz € E}.

Note that |, E,|c < 2 since |, E, C [0,2].



Note that |E,|. = |E|. by Exercise 18, furthermore |E|. > 0 since E is
nonmeasurable. So > |E,|. = oo.

Thus the inequality is strict.

3.10 Q23

Let Z C R with |Z] = 0. Write Z,, = ZN[—n,n|, then Z = J.-, Z,,. Clearly
|Z,| = 0 for each n.

Thus there exists intervals {I;} (depending on n) such that Z, C U, I
and Y oo |Ix] < e. We may assume each I C [—n,n].

For each = € Ij, = [ay, by|, we have

ai§x2§bi if 0 <ag <b

0 <2? <max{a;,b2} ifap <0<by

v <z’<al if ar, < b, <0.
If ar, <0 < by, we discard I = [ag, bx] and replace it with two intervals
lag, 0] U [0, by] insteadﬂ. Thus we may assume 0 < a < by or ap < b, < 0 for

all Ik = [ak, bk]

Thus, 22 € J;, where J, is an interval with

|| = lag — V3| = lar — by||ar + be| < [Tl (Jar| + |be]) < |1k](2n).

“Note that this will not affect Z,, C (Jy—, I and > oo, |Ix| < e.
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So

{a? 12 € Zu}e <[ Jile
k=1

o0
< | J|
k=1

<2y |
k=1
< 2ne.

Since € > 0 is arbitrary, [{z? : z € Z,}|. = 0, for all n. Note that
{#? 2 e Z}y = {z? x € Z,}, s0

{a?:z e Z}. < Z {2z € Z,}|. = 0.
n=1
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