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1 Multivariable Calculus

1.1 Differentiability in higher dimensions

A function f : R™ — R" is differentiable at a point xg if there exists a linear
map J : R™ — R" such that
(o + ) — Flro) = T() e

h—0 | ||gm

=0.

1.2 Harmonic function

A harmonic function is a twice continuously differentiable function f : U — R

(where U is an open subset of R™) which satisfies Laplace’s equation

V2f—ﬁ+82—f+ o

0r2 | 022 22 Y

everywhere on U.

1.3 Divergence Theorem

/V-Fan:]{ F-ndS,_
U

One can use the general Stoke’s Theorem ( fQ dw = [,,w a0 W) to equate the n-
dimensional volume integral of the divergence of a vector ﬁeld F over a region

U to the (n — 1)-dimensional surface integral of F over the boundary of U.

1.4 Green’s Theorem

Let C' be a positively oriented, piecewise smooth, simple closed curve in a
plane, and let D be the region bounded by C. If L and M are functions of
(x,y) defined on an open region containing D and have continuous partial

derivatives there, then

f(de%—Mdy //8_M_8_L ) dx dy.



1.5 2D Divergence Theorem (Equivalent to Green’s

//D(V-F)dA:]{CF-ﬁds

Proof. (2D Divergence Theorem implies Green’s Theorem). We have ¢ =

% - (z(ii_as:, %)7 n = (%7 __) Then

Theorem)

f (L d + M dy) = f (M, —L) - (dy, —dz)
c c
c
= / V- (M,-L)dA (By Divergence Theorem)

Y/

(Green’s Theorem implies 2D Divergence Theorem). Write F(z,y) =
(M(x,y), —L(z,y)). Then

Jlrs mos- 20
D
= %(L dx + M dy) (By Green’s Theorem)
C

- fc (M, L) - (dy, —dz)

:%C(M,—L)-ﬁds

:%F-ﬁds.
c



2 Real Analysis

2.1 Carathéodory’s Criterion

Let A* denote the Lebesgue outer measure on R”, and let £ C R"™. Then F
is Lebesgue measurable if and only if A*(A) = A* (AN E) + A*(AN E°) for
every A C R™.

2.2 Abel’s Theorem

Let (ax) be any sequence in R or C. Let G,(2) = Y 72, axz". Suppose that

the series Y .- a; converges. Then

o0

lim G,(2) = Z g,

z—1-
k=0
where z is real, or more generally, lies within any Stolz angle, i.e. a region of

the open unit disk where |1 — z| < M (1 — |z]) for some M.

2.3 Fatou’s Lemma

Let (f,) be a sequence of nonnegative measurable functions, then
/lim inf f, dp < lim inf/fn du.
n—oo n—oo

2.4 Lebesgue’s Dominated Convergence Theorem

Let {f.} be a sequence of measurable functions. Suppose that f, — f

pointwise almost everywhere, and that | f,,| < g for all n, where g is integrable.

[ an=tin [ fuau

Then f is integrable, and



2.5 Chebyshev’s/Markov’s Inequality (Proof)

If (X,X,u) is a measure space, f is a non-negative measurable extended

real-valued function, and € > 0, then

1
e e X f@) 2 )< ;[ fau
Proof. Define
e, if f(z)>e€
0, if f(z) <e.

Then 0 < s(z) < f(z). Thus [, f(z)dp > [y s(x)dp = ep({z € X : f(z) >
€}). Dividing both sides by € > 0 gives the result. ]

s(x) =

2.6 BYV functions of one variable
2.6.1 Total variation

The total variation of a real-valued function f, defined on an interval [a, b],

is the quantity

np—1
Vi(f) =sup D [f(wis) = [(2:)]
PeP ‘=5
where the supremum is taken over the set P = {P = {zo,...,zn,.} |

P is a partituion of [a, b]}.

2.6.2 BYV function

f e BV(a,b]) <= VI(f) < co.

2.6.3 Jordan decomposition of a function

A real function f is of bounded variation in [a,b] iff it can be written as

f = fi — f2 of two non-decreasing functions on [a, b].



2.7 Borel measurability

A function f is said to be Borel measurable provided its domain E is a Borel

set and for each ¢, the set

{ze B f(z)>ct=f"(c,00)

is a Borel set.

2.7.1 Borel set

A Borel set is any set in a topological space that can be formed from open
sets through the operations of countable union, countable intersection, and

relative complement.

2.8 Excision property of measurable sets (Proof)

If A is a measurable set of finite outer measure that is contained in B, then
m*(B\ A) = m*(B) —m*(A).
Proof. By the measurability of A,

m*(B) =m*(BNA)+m*(BnN A°
=m*(A) + m*(B\ A).

Since m*(A) < oo, we have the result. O

2.9 Outer and Inner Approximation of Lebesgue Mea-

surable Sets (Proof)

Let £ C R. Then each of the following four assertions is equivalent to the

measurability of E.



2.9.1 (Outer Approximation by Open Sets and G; Sets)

(i) For each € > 0, there is an open set G containing E for which
m*(G\ E) <e.

(ii) There is a G set G containing E for which m*(G'\ E) = 0.

2.9.2 (Inner Approximation by Closed Sets and F, Sets)

(iii) For each € > 0, there is a closed set F' contained in E for which
m*(E\F) <e.

(iv) There is an F, set F' contained in E for which m*(E \ F') = 0.

Proof. (E measurable implies (i)):
Assume FE is measurable. Let € > 0. First we consider the case where
m*(E) < co. By the definition of outer measure, there is a countable collec-

tion of open intervals {/}}°, which covers E and satisfies

lek <m*(E) +e.
k=1

Define G = |J,=, I Then G is an open set containing £. By definition

of the outer measure of G,

Zl[k <m )+€.
k=1

Since F is measureable and has finite outer measure, by the excision
property,
m*(G\ E)=m"(G) —m*"(E) < e.
Now consider the case that m*(E) = co. Since R is o-finite, £ may be ex-
pressed as the disjoint union of a countable collection { F};}?2 , of measurable

sets, each of which has finite outer measure.



By the finite measure case, for each £ € N, there is an open set Gy
containing FEj, for which m*(Gy, \ Ex) < €/2%. The set G = |J,—, Gk is open,

it contains E and

(G

6\E=(JG\Ec G\ )

k=1

Therefore

k=1
o

< Z /2"
k=1

= €.

Thus property (i) holds for E.

((i) implies (ii)):

Assume property (i) holds for E. For each k € N, choose an open set Oy,
that contains E such that m*(Oy \ E) < 1/k. Define G = (;—, Ok. Then G
is a G set that contains E. Note that for each k,

G\ECOy\E.
By monotonicity of outer measure,
m* (G\ E) <m*"(Ox \ F) < 1/k.

Thus m*(G \ E) = 0 and hence (ii) holds.

((ii) = F is measurable):

Now assume property (ii) holds for E. Since a set of measure zero is
measurable, G'\ E is measurable. G is a G4 set and thus measurable. Since

measurable sets form a o-algebra, £ = G N (G \ E)° is measurable.

((i) = (iii)):



Assume condition (i) holds. Note that E° is measurable iff £ is measur-
able. Thus there exists an open set G O E° such that m*(G \ E¢) < e.

Define F' = R \ G which is closed. Note that F' C E, and m*(E \ F) =
m*(G\ E°) <e.

(i) = (i)

Similar.

((ii) <= (iv)):

Similar idea. Note that a set is Gy iff its complement is F,. O

2.10 Lebesgue’s Theorem (Monotone functions)

If the function f is monotone on the open interval (a,b), then it is differen-

tiable almost everywhere on (a,b).

2.11 Absolutely Continuous Functions
2.11.1 Definition

A real-valued function f on a closed, bounded interval [a,b] is said to be
absolutely continuous on |[a, b] provided for each € > 0, there is a § > 0 such
that for every finite disjoint collection {(ag, bg)}7_, of open intervals in (a, b),
if

Z(bk — ak) < (5,

k=1
then

D 1F(br) = flar)] < e

2.12 Equivalent Conditions

The following conditions on a real-valued function f on a compact interval

la, b] are equivalent:

10



(i) f is absolutely continuous;

(ii) f has a derivative f’ almost everywhere, the derivative is Lebesgue

integrable, and N
f@) =@+ [ roa

for all x on [a, bl;

(iii) there exists a Lebesgue integrable function g on [a, b] such that

for all x on [a, b].

Equivalence between (i) and (iii) is known as the Fundamental Theorem of

Lebesgue integral calculus.

2.13 Lusin’s Theorem

Informally, “every measurable function is nearly continuous.”

(Royden) Let f be a real-valued measurable function on E. Then for
each € > 0, there is a continuous function g on R and a closed set F' C E for
which

f=gon F (ie. f|pis continuous)

and
m(E\ F) < e.

2.14 Egorov’s Theorem

Informally, “every convergent sequence of functions is nearly uniformly con-
vergent.”
(Royden) Assume m(E) < oco. Let {f,} be a sequence of measurable

functions on F that converges pointwise on E to the real-valued function f.

11



Then for each € > 0, there is a closed set FF C E for which

fn — f uniformly on F' and m(F \ F) < e.

2.15 Tietze Extension Theorem

If X is a normal topological space and
f:A—=R

is a continuous map from a closed subset A C X, then there exists a contin-

uous map
F:X—R

with F(a) = f(a) for all a in A.
Moreover, F' may be chosen such that sup{|f(a)| : a € A} = sup{|F(z)| :
x € X}, ie., if fis bounded, F may be chosen to be bounded (with the same

bound as f). F' is called a continuous extension of f.

2.16 Pasting Lemma (Proof)

Let X, Y be both closed (or both open) subsets of a topological space A such
that A = X UY, and let B also be a topological space. If both f|x : X — B

and fly : Y — B are continuous, then f is continuous.

Proof. Let U be a closed subset of B. Then f~'(U) N X is closed since it
is the preimage of U under the function f|y : X — B, which is continuous.
Similarly, f~'(U) NY is closed. Then, their union f~*(U) is also closed,

being a finite union of closed sets. O

2.17 Mertens’ Theorem

Let (ay) and (b,) be real or complex sequences.

12



If the series >~ a, converges to A and >~ b, converges to B, and at
least one of them converges absolutely, then their Cauchy product converges
to AB.

3 Complex Analysis

3.1 Schwarz Lemma

Let D = {z : |z| < 1} be the open unit disk in the complex plane C centered
at the origin and let f : D — D be a holomorphic map such that f(0) = 0.
Then, |f(z)| < |z| for all z € D and |f'(0)] < 1.
Moreover, if | f(z)| = |2| for some non-zero z or | f'(0)| = 1, then f(z) = az

for some a € C with |a| =1 (i.e. f is a rotation).

Proof. Consider

M ifz#£0
g(z) =4 = 70
£1(0) if z=0.

Since f is analytic, f(2) =0+ a1z + azz? + ... on D, and f’(0) = a;. Note
that g(z) = a; + asz 4+ ... on D, so g is analytic on D.

Let D, = {z: |z| <} denote the closed disk of radius r centered at the
origin. The Maximum Modulus Principle implies that, for » < 1, given any

z € D,, there exists z,. on the boundary of D, such that

9(2)] < lg(=)] = |fl(:i)’ <

S|

Asr — 1 we get |g(2)| <1, thus |f(2)| < |z|. Thus

70 = |im 7
-ty 1)

13



<1

Moreover, if |f(z)] = |z| for some non-zero z € D or |f'(0)] = 1, then
lg(2)| = 1 at some point of D. By the Maximum Modulus Principle, g(2) = a
where |a| = 1. Therefore, f(z) = az. O

3.2 Maximum Modulus Principle

Let f be a function holomorphic on some connected open subset D of the
complex plane C and taking complex values. If zy is a point in D such that
|f(20)] > |f(2)| for all z in a neighborhood of zy, then the function f is
constant on D.

Informally, the modulus | f| cannot exhibit a true local maximum that is

properly within the domain of f.

3.3 Cauchy-Riemann Equations

Let f(x 4 iy) = u(z,y) + iv(x,y). The Cauchy-Riemann equations are:

3.3.1 Alternative Form (Wirtinger Derivative)

The Cauchy-Riemann equations can be written as a single equation

of _

82_0

where

o 10 0
0z 20x Oy

is the Wirtinger derivative with respect to the conjugate variable.

14



3.3.2 Goursat’s Theorem

Suppose f = u + v is a complex-valued function which is differentiable as a
function f : R?> — R2. Then f is analytic in an open complex domain 2 iff

it satisfies the Cauchy-Riemann equations in the domain.

3.3.3 Looman-Menchoff Theorem

Let 2 be an open set in C and f : Q2 — C a continuous function. Suppose
the partial derivatives df /0x and 0 f /Oy exist everywhere but a countable set

in (2. Then f is holomorphic iff it satisfies the Cauchy-Riemann equations.

3.4 Rouche’s Theorem

If the complex-valued functions f and g are holomorphic inside and on some
closed contour K, with |g(z)| < |f(2)| on K, then f and f + g have the same
number of zeroes inside K, where each zero is counted as many times as its

multiplicity.

3.4.1 Example

Consider the polynomial 2° 4+ 323 + 7 in the disk |z| < 2. Let g(z) = 32% + 7,
f(z) = 2%, then

132 + 7| < 3(8) + 7
=31
< 32
’|

= [z°] for every |z| = 2.

Then f + g has the same number of zeroes as f(z) = 2° in the disk |z| < 2,

which is exactly 5 zeroes.

15
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