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Textbook: Functional Analysis by Peter D. Lax
Exercises: Ch 13: Q1-4. Ch 15: Q24, 6, 7, 11.

1 Chapter 13

1.1 Exercise 1
Weak Topology is Hausdorff:

Let , y be distinct points in X. Since ||z — y|| > 0, there exists € > 0 such
that B(x) does not contain y. Since B.(x) is convex and open, we can use
the Hyperplane Separation Theorem to conclude that there exists [ € X',
¢ € R such that

l(u) < ¢ for all u in B(z)
ly)=c
In particular, there exists § > 0 such that I(z) < c— 6 < c=1(y).
re{ue X:—oco<l(u) <c—9}
ye{ue X :c—0 <l(u) < oo}
The above two sets are open in the weak topology, and are clearly disjoint.
Thus the weak topology is Hausdorff.
(i) Addition is continuous:

Consider f: X x X — X, f(z,y) =z +y. Let {z:a <l(z) <b} =1 (a,b)
be open in X. (I~! is preimage of ). Since {I~!(a,b)} is a subbasis for X,
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it suffices to check that f=!(I=1(a,b)) is open in X x X.

FHNa,0) = {(z,y) € X x X | f(a,y) =2 +y €1 (a,b)}
= {(&,y) [a <z +y) <b}
= {(z,y) | a < Ux) +1(y) < b}
= {(@,9) la—1(y) <Ux) <b—I(y),a—I(z) <U(y) <b—(z)}
= Jwi xvy)

where
U={xeX|m<l(z) <M}
Vi={y e X |m; <l(y) < M},

such that a < m; + m) < l(z) +l(y) < M; + M] < bfor x € U;, y € V;.
Each U;, V; is open in X, thus U; x V; is open in X x X. Therefore f is
continuous.

Multiplication by scalars is continuous:

Consider g : R x X — X, g(k,x) = k.

g (1 a,b) = {(k,z) e R x X | g(k,x) = kz € I (a,b)}
={(k,z) | a <l(kz) < b}
={(k,z) | a < kl(x) < b}
a b a b
={(k,z) | T < sgn(k)l(z) < @] <k-sgn(l(z)) < )]
= JWwi xvy)

where

U={keR|m; <k< DM}
Vi={z e X |m] <l(z) < M}

where m;, M;, m}, M! € RU {—o0, 00} such that a < ki(z) < b for k € Uj,
z eV

Each U; is open in R, each V; is open in X, thus U; x V; is open in R x X.
Therefore g is continuous.



(iii)
Let U be an open set containing the origin. U is the union of finite inter-

sections of sets of the form {z : @ < I(z) < b}. 0 is in one of the finite
intersections, say

k
0€({a:ai <li(x) <b} CU.
=1

C = ﬂle{x ca; < li(x) < b} is a convex open set containing the
origin: For any z,y € C, 0 <t <1, l;(tz+ (1 —t)y) = tl;j(x) + (1 —t)l;(y) <
th; + (1 — t)b; = b;. Similarly [;(tz + (1 — t)y) > a;. This holds for all
1<i<k Sotr+(1—-t)yeC.

Weak* Topology is Hausdorff:

Let Iy, l2 be distinct in X’. There exists € X such that [;(x) # lo(z).
WLOG suppose [i(z) < l2(z).

There exists r € R such that [;(x) < r < la(x). The sets U = {l € X" :
l(z) <r}and V ={l € X":l(z) > r} are weak*-open: U is open since it is
the preimage T, '{l(z) : I(z) < r}, where T,(I) = (), T, € X". Similarly
V' is open.

Clearly, U and V are disjoint and contain /1 and [y respectively.

(i) Addition is continuous:

Consider f : X’ x X' — X', f(ly +13) = l; +lz. Let T, '(a,b) be open in
X', where T, € X" and T,(l) = l(z).

FHT  (a,b))

{(l, 1) e X! x X" |11 + 1y € T, Ya,b)}
{(ll,lg) | a < Tx(ll) + Tx(lg) < b}
{(1,12) | a < Iy (x) + la(x) < b}

Uwi x v

where

U, = {ll e X' ‘ m; < ll(fL‘) < Ml} = T;l(mi,Mi)
Vi={la € X" | mj <la(x) < M{} = T, " (mj, M)

such that a < m;+m} < lj(z)+1la(z) < M;+M! <bforalll; € U;, I € V;.
U;(U; x V;) is open in X’ x X', thus f is continuous.
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(ii) Multiplication is continuous:
Consider g : R x X' — X' g(k,1) = kl.
g (T (a,0) = {(k,1) € R x X" | kl € T (a,)}
={(k,]) | a < kTy(l) < b}
= {(k,0) | a < ki(x) < b}
=Jwi xvi)

where
U={keR|m; <k<M}=(m M)
Vi={leX |m)<l(z)<M}="T,"(m), M)

such that a < kl(z) <bforall k € U;, l € V;. |J;(U; x V;) is open in R x X',
thus ¢ is continuous.

(iii)
Let U be an open set containing the origin. U is the union of finite inter-
sections of sets of the form T !(a,b). 0 is in one of the finite intersections,
say 0 € NF, T, (a;,b;) C U, where T, € X" and Ty, (1) = I(z;).

C = ﬂle Tx_il(ai,bi) is a convex open set containing the origin: For
any l1,lo € C, 0 <t <1, Txi(tll + (1 — t)lg) = tT%(ll) + (1 — t)T%.(lg) <
tb; + (1 - t)bl = b;. Similarly TIz (tll + (1 - t)lg) > a;. So tl + (1 - t)lg eC.

1.2 Exercise 2
(a)
Hausdorff:

Let x, y be distinct points in X. WLOG, there exists » € R such that
lo(x) < 7 < lo(y) for some linear functional l,. Then I !(—o0,r) and
I;1(r, 00) are disjoint open sets that contain z and y respectively.

(i) Addition is continuous:

Consider f: X x X — X, f(z,y) =x+y.

f_l(lgl(a, b)) ={(z,y) €e X x X | a <ln(z+y) <b}
={(z,y) e X x X | a<la(z)+1s(y) < b}



Remaining proof similar to weak topology case.
The proof for (ii) Multiplication by scalars is continuous, and (iii) 0 has
a convex basis is also similar to weak topology case.

(b)

(<= ) Suppose | = Zle ¢il; is a finite linear combination. Let (a,b) be an
open interval in R.

k
ITYab) ={zr e X [a<) cli(z) < b}
=1
= J{z e X |mi < li(z) < M for 1 <i <k}

such that a < Zle cmy < Zle cili(x) < Zle c;M; <b.

k
{z € X |m;<liz)<Mfor1<i<k}=[|{reX]|m<lz)<M}
=1

k
= m l;l(mi, M;)
=1

which is open. Therefore [~1(a,b) is open and thus [ is continuous.
(=) Assume [ is continuous.

Lemma 1.1. There exists l1,..., [, such that (_, ker(l;) C ker(l).

Proof. Consider [~!(—¢, €) which is open. Since {I;!(—d;,4;)} forms a subba-
sis for the topology, I ! (—¢, €) is the union of finite intersections ()}, I; * (—d;, &).
Let z € (N, ker({;). Then [;(z) = 0 for all 4.
€ iy I (=6;,6:) €17 (—€,€). Thus —e < I(z) < e. Since e > 0 is
arbitrary, [(x) = 0, thus = € ker(]). O

Lemma 1.2. If (), ker(l;) C ker(l), then [ is a finite linear combination
of the [;.

Proof. Consider F' : X — R" given by F(z) = (l1(x),l2(z),...,l,(x)). We
have an induced isomorphism F : X/ ker F' — Im(F).

Since ﬂ?zl kerl; = ker F' C kerl, we have an induced linear functional
I: X/ker F — R, and can pull that back to Im(F) as [ := o F~!. We can
extend [ to all of R” (extend a basis of Im(F) to a basis of R™, and choose



arbitrary values, e.g. 0, on the basis vectors not in Im(F’)). Thus there is a
linear functional ¢ : R™ — R with

¢poF =6 |y oF =loF=loF 'oF=lor=1,

where 7 : X — X/ker F' is the canonical projection.
Every linear functional R” — R can be written as a linear combination
of the component projections, so there are cq,...,c, with

n
Glur, g, ... up) =Y crug,
k=1

thus this means l(z) = ¢(F(z)) = Y p_; ckli(x) for all € X. Thus | =
> rey Crlk- O

1.3 Exercise 3

Let f : X xY — W be a continuous function, where (X, 71), (Y, 72), (W, T3)
are topological spaces. Define g : X — W, g(a) = f(a,by) for fixed by € Y.

Let a € X and let V be an open set in W containing g(a) = f(a, bo).
Since f is continuous, there is an open set U in X X Y such that (a,bg) € U
and f(U) C V. We may take U = A x B, where A is open in X, B is open
inY.

a € Asince (a,by) € Ax B. Also, g(A) = f(A,by) C f(AxB) = f(U) C
V. Thus g is continuous.

1.4 Exercise 4

Let K be a convex subset of a LCT linear space X. Let z,y € K, and
0 <t < 1. Every open set containing z (resp. y) contains a point of K.

Define w = tx + (1 — t)y. Let W be an arbitrary open set containing w.
Ift=0,thenw =y € K. If t =1, then w = x € K. Thus we may assume
0<t<l. 1 1+ 1 1+

x = tw—( ; )y € tW_( ;

which is open since it is the scaling and translation of W. Thus tw — (1)y
contains a point k1 € K. We have tky + (1 —t)y € W.

Similarly, y € (1)W — (;%)k1 which is open. Thus ({25)W — (4)k1
contains a point ky of K. Then (1 —t)ko +thy € WN K.

Thus any open set containing w contains a point in K, hence w € K.
Therefore K is convex.

)y



2 Chapter 15

2.1 Exercise 2

Let [ € U'. Note that M'l € X', thus

lim [(Mx,) = lim M'l(z,)

n—oo n—oo
= M'l(z) (since z, — )
=l(Mz).

Thus Mx,, converges weakly to Mx. Note that this method does not use
the fact that U is reflexive.

Method 2:

Let M be a bounded linear map: X — U. Let x, be a sequence in X
weakly convergent to x, i.e. lim, o l(z,) = l(x) for every [ in X’. Denote
@ to be the image of v under the canonical embedding of U into U”, where
a(f) = f(u) for all f € U".

Lemma 2.1. M': U’ — X' is weak™* continuous, where M’ is the transpose
of M.

Proof. Let =%(V) be open in X', where V is open in the base field R or C,
and Z is the image of x under the canonical embedding.
MTH @ (V) ={f e U | M'(f) e a7 1(V)}

={feU' | fMez (V)}

={fel'|a(fM) eV}

={felU'| f(Mz) eV}

={feU' | Mx(f) eV}

—1

=Mz (V)

which is open in U’. O

Corollary 2.2. Similarly, M" : X" — U” is weak* continuous.

Lemma 2.3. M"# = Mau.



Proof. For any f € U’,

O
Note that z, —» x implies lim, oo %, (1) = (1) for all I € X’. This
A WE . "o * .
means &, — Z. Since M" is weak™ continuous,
My = M"%, 25 M"3 = Mz

in U".
Since U is reflexive, weak* convergence is the same as weak convergence,
w .
so Mx, — Mz as required.

2.2 Exercise 3

Denote by I the identity map X — X. Consider the transpose of I, I’ :
X' = X'
Letle X',z € X.
(I'hx = 1(Ix) = I(x).

Therefore I'l = L.

2.3 Exercise 4
(i)
Let X, Y be complex Hilbert spaces. Let M : X — Y be a bounded

linear transformation. Let M* : Y — X be the adjoint of M, such that
(Mz,y) = (x, M*y) forallz € X,y € Y.



Let € X such that ||z|| < 1. Then

|Mal? = (Mz, M)y
= (x, M*"Mz)x
< |lz||||M*Mz| (Cauchy-Schwarz Inequality)
< Jlall |A* M o]
<M Mflz] (since o] < 1)
< [[M7 M|

= sup ||M*Mz||
[|lzll=1

< sup [[M*||[|Mz]
llzll=1

= [l M)

Thus [|M|* = supy,<; [|Ma]|* < [[M*[[||M]]. Therefore ||M]| < || M*|].

In Hilbert space, M** = M since (Mz,y) = (z, M*y) = (M**x,y) for
all z € X, y € Y. Thus, replacing M by M* in the above working yields
[ M| < || M]].

Therefore | M|| = || M*||.

(ii)
Let y € Nps+. M*y = 0. Hence (z, M*y) =0 = (Mz,y) for all x € X. This
means y € Rﬁ.

Let y € Ry;. (Mz,y) = 0 = {(x, M*y) for all z € X. This means
M*y =0, thus y € Np~.

We have proved Ny = Rf/‘,.

(iii)
Replace M by M™ in the above, and using the fact that M*™ = M, we get
NM == Rﬁ* .



(iv)

(z, (M + N)"y) =

= {z, (M" + N%)y)

forallz € X,y € Y. Thus, (x,( M+ N)*y—(M*+ N*)y) = 0 which implies
that (M + N)*y — (M* + N*)y =0 thus (M + N)* = M* + N*.

2.4 Exercise 6

Assume M,, converges to M weakly. Then lim,_ o (M,z,l) = (Mzx,1) for
alll € U’ and all z € X.
Thus limy, 00 (z, M) 1) = (x, M'l) for all | € U’, z €X.
Let ¢ € X”. Since X is reflexive, ¢ = & for some # € X”. Then
lim #(M/1) = lim M]I(z)
n—oo

n—oo
= lim (x, M)
n—oo

= (z,M'l)
= M'l(x)
= z(M').

Therefore M/, converges to M’ weakly.

2.5 Exercise 7

(a)

Let D be dense in X such that s —lim M,z exists. Then for d € D, {M,d} is
Cauchy. There exists N € N such that for all n,m > N, | Myd — My,d|| < e.
Let z € X. There exists d € D such that |z — d|| < e. For n,m > N,

|Mpz — Mpyz|| = ||Mp(z+d—d) — My(z+d—4d)
= HMnd + Mn(a: — d) — M,,d — Mm(x — d)H
< | Mpd — Myd|| + || My (2 — d)|| + || M (z — d)||
<e+ [ Myll[|z — d|| + | M|l — 4]
< € + ce + ce.
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Since € > 0 is arbitrary, { M,z } is Cauchy thus converges since U is a Banach
space, i.e. there exists a limit M such that lim, , ||Myx — Mz| = 0, for
all z.

(b)

Theorem 2.4. Let X, U be Banach spaces, M,, a sequence of linear maps:
X — U, uniformly bounded in norm:

| M| <c for all n.

Suppose further that w — lim M,z exists for a dense set of x in X. Then
{M,} converges weakly, i.e. the w-limit exists for all x in X.

Proof. Let D be the dense set in X such that w — lim M,z exists, i.e.
lim |{(M,d) —1(Md)| =0
n—o0

foralld € D, 1 € U'. Then, {{(Myd)} is Cauchy, so there exists N € N such
that for n,m > N,
I(Mpd) — l(Mp,d)| < e.

Let x € X. There exists d € D such that ||z —d|| < e. For n,m > N,
[[(Mpz) = [(Mp)| = [[(Mnd) + [(Mn(z — d)) = [(Mpd) — 1(Mn(2z — d))]
< [[(Mnd) — (M d)| + [I(Mn(x — d))| + [[(Mp(z — d))]
< e+ UM [l = dlf + |[Z[[[| Mm][[| — d]
< e+ ||lfjce + ||| ce

Since € > 0 is arbitrary and ||l < oo, {{(Myx)} is Cauchy in R or C and
thus converges. Thus {M,,} converges weakly. O
Exercise 11

Assume that the range Rjs is a finite-codimensional subspace of U, i.e.
codim(Rys) = dim(U/Ryy) < 0.
ker M = M~1{0} is a closed subspace, thus X/ker M is a Banach space.

M:X/ker M — U

defined by

M (x4 ker M) = M(x)

11



is an injective bounded linear operator. We note that Ry, = M(X) =
M (X/ker M).
Choose a basis fi,..., f, of U/Ry and consider the operator

S:X/kerM ®R" - U =Ry ®U/Ry

S(@,r) = M(@) + > rifi
=1

We observe that S is a continuous bijection, hence a homeomorphism by
the open mapping theorem. Ry = S(X/ker M @ 0) is the image of a closed
subspace of X/ ker M, thus Ry is closed since S maps closed sets onto closed
sets.
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