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1 Chapter 1

1.1 Exercise 6

(i) By definition,
S=[)K
iel

, where K; is a convex set containing S. Theorem 5(vi) states that the
intersection of an arbitrary collection of convex sets is convex. Thus S is
convex.

Any convex set containing S must be one of the K;, and S = MNier K €
K;. Thus S is the smallest convex set containing S.

(ii) Let C be the set of all convex combinations of points of S. Let x =
Z?zl ajx;j be a convex combination of points of S. (a; > 0, Z?:l a; =1,
T € S) .

Since z; € S C K; for all 4, we have that z; € [);c; K; = S for all
1<j<n.

We quote Theorem 4:

“Let K be a convex subset of a linear space X over the reals.
Suppose that x1, ..., z, belong to K; then so does every x of the
form z =>7%_, ajzj, a; >0, 370 a; =17

Applying Theorem 4 to S (which we proved to be convex), S contains
all convex combinations of points of S. We have shown C C S.



To show S C C, it suffices by (i) to show that C' is a convex set containing
S. We show C'is convex: Let = >, ajx;, y = > I biy; be two convex
combinations of points in S. For 0 <t <1,

n m
tr+(1—tyy = ajte;+ > (1 )by
j=1 i=1

is also a convex combination of points in S since »'_; a;t+3 7" (1-t)b; = 1
and a;t, (1 —t)b; > 0.

Let s € S. s can be written as the trivial convex combination s = 1s,
thus s is in C. Thus C contains S. Done.

2 Chapter 3

2.1 Exercise 1

Assume pg (z) < 1. Suppose to the contrary x is not an interior point of K,
i.e. there exists y € X such that for all € > 0,

r+ty¢ K

for some |t| < e. This means pg(z + ty) > 1.
By subadditivity of pg,

1 < pr(r+ty) < pr(x) + pr(ty)
Case 1) t = 0. Contradiction obtained since pg (0) = 0 implies px () >

Case 2) t > 0. By positive homogeneity of pg,
1 <pr(r+ty) < pr(x) + tpr(y)

As e —0,t— 0so px(z) > 1, a contradiction.
Case 3) t < 0.

1 < px(z+ty) < pr(z) —tpr(—y)

Similarly as € — 0, t — 0 so pg(x) > 1.
Conversely, assume z is an interior point of K. Choose y = = € X.
There exists € > 0 such that

r+ty=1+t)xre K
for all real ¢, |t| < e. We choose t > 0. pr((1+t)x) < 1since (1+t)z € K
By positive homogeneity, (1 + ¢)px () < 1 which implies

X
K _1

2



3 Chapter 5

3.1 Exercise 3

We will quote and use a well-known basic theorem:

Theorem 3.1. Let X be a normed space. Then X is complete iff the series
> o2 | @y, converges, where (xy,) is any sequence in X such that > > | ||z, || <
0.

Let (xn, +Y) be a sequence in X/Y such that Y 2 [lz, + Y| < oc.
Recall that ||z, + Y| = infyey ||zn + y||. By definition of infimum, there
exists y, € Y such that

1
|20 + yull < |lzn + Y| + on

Thus
00 00 0o 1
3l + gl < 3 lon + ¥+ 3 o < o0
n=1 n=1 n=1

By [Theorem 3.1} since X is a Banach space, Y .~ (2, + yn) converges to
some | € X.

We shall show that >~>° (z, +Y) converges to I +Y € X/Y.

k k
an+Y G+ =S —1+7]
n=1 n=1
k
— inf o —1
;gylgm +
k k
szn—lJrZynH
n=1 n=1
k
= \IZ(fanryn)—lH
n=1

—0ask — o

Thus Y 07 (zn +Y) — I +Y. We are done, by [Theorem 3.1

IN



3.2 Exercise 4

First we prove the hint, i.e. we assume the fact that all norms are equivalent
on finite-dimensional spaces to show that every finite-dimensional subspace
is complete.

Proof. Let X be a finite n-dimensional subspace with basis {ej, es, ..., e},
equipped with a norm || - ||. Let (x) be a Cauchy sequence in X. We have
that || - || is equivalent to the I'-norm || - |1, i.e. there exists 0 < ¢; < ¢o such
that cilz]|1 < ||z|| < caf|z|1 for all x € X. We write each x = > | oy, e,
where aj, € R. (Proof also works for C)

There exists N € N such that for a,b > N,

€ > ||zg — xp)

> c1llzg — zplh

n
= E |, —
i=1

> |oa, — au,|

for each 1 < i <n.

Thus (ag,) is a Cauchy sequence in R for each i. R is complete, thus
limg o0 g, == f; isin R for each i. We define z := (01, ...,0n) = >y Bi€i €
X.

l — ]| = HZ ~ Bies]
n
< 02||Z — Bieillr

n

=c Y |k, — B
i=1
—0ask — o

Therefore, 3, — x in X, i.e. X is complete. Hint proved. ]

Next, we use the fact that the closure of X, X, is the set of all limits of all
convergent sequences of points in X. Let € X. There exists a convergent
(hence Cauchy) sequence of points (z,,) in X which converges to x. Since
X is complete, z € X. Thus X C X. X C X is clear, thus X is closed.



4 Chapter 6

4.1 Exercise 1

Let || - || be a norm that satisfies the parallelogram identity:
lz +ylI? + llz = ylI* = 2l|=]|* + 2[ly]”

for all x,y in X. Define

1
{@,y) = 7 (lz + yll* = llz = yl*)
for all z,y € X. We are proving the real case first, where the field of scalars
is R.
We need to prove that (z,y) is indeed a scalar product. Symmetry,

(x,y) = (y,x) is clear.
Positivity property holds: (x,z) = i(”x_i_xw) — |||l > 0 with equality
only when x = 0.

Lemma 4.1. Additive in first component: (x + y, z) = (z,2) + (y, 2)

By the parallelogram law,

2|l + 2| + 2llyl* = l|lz +y + 2[* + [lz — y + 2|
Rearranging, we get

lz +y + 2] = 2llz + 2]1* + 2lly|* = |z — y + 2|
Since x,y are arbitrary, setting x =y, y = x gives

ly + @+ 2|* = 2|y + 2|* + 2||2|* — ||y — = + 2|
Therefore
I 4y -+ 2l = 5l + 217 + 2~ la— y + =)

+ %(2Hy + 2|+ 2)z)? ~ lly — = + 2|)

= llall + 9l + 1z + 2+ lly 212 = 5z —y -+ 2l — Sy — 42
Replacing z by —z yields

1 1
lzty—21* = 21+ lyl* +lle =2+ ly =217 = Sz =y —2[* = S ly -2 2|”

!



Thus,
1
(wty,2) = J(le+y+2° = ety -2

1 1
=z + 2] — [l — 2|*) + JUly+ 2=y —2[*)
= <1"Z> + <y7 Z)

Lemma [.1] proved.
Lemma 4.2. (az,y) = a(zx,y) for all « € R

Clearly true for « = —1. By Lemma (addivity in first component)
and induction we have (az,y) = a(x,y) foralla € Z. If a = g with p,q € Z,
q # 0 we have

qlax,y) = Q<§w,y> = p(z,y)

Thus dividing by ¢ yields (x,y) = a(z,y) for all a € Q.

We note that the function (z,y) — (z,y) is continuous with respect to
the norm | - || since the norm itself is continuous. Thus, we can define a
continuous function

£(t) = 1 {t.0)

which is equal to (z,y) for all t € Q\ {0}. By using the fact that Q is dense
in R and taking limits, f(¢t) = +(tz,y) = (z,y) for all t € R\ {0}. Thus
(tz,y) = t{x,y) for all t € R. (The case t = 0 is trivial).

Finally, we deal with the complex case. We will only focus on those
parts that are different from the real case, namely sesquilinearity and skew
symmetry. Define

1 i . )
{@,y) = 7 (lz + ylI? = llz —yll*) + 2z + iyl|* — [l — iy)*)
Observe that
(iz, y) = 7 (iz + ylI* = lliz — y|*) + iz + iyl = [liz — iy|?)

=i(z,y)
Similar to the real case, this can be extended to (ax,y) = a(z,y) for all
aecC.

1 i _ .
(v, 2) =y +21” = lly = 21%) = 5 (ly +zll* = |y — i)

(I = iy +l* = iy +=||*)

! .
= 1z +yl? =z —yI*) -

= (z,y)



Thus skew symmetry is true.
Sesquilinearity is true since

I
)
<

L3

(z,ay)

[
e
=
o3

I
o
s
2

We can do a routine check that
1 2 2 i 2 2
2z +yll” = llz = ylI") + 2 (lz + ayl” — llz — %)
= Re(z,y) + iIm(z, y)

by using ||z + y||? = (z + v, + y), etc., thus proving that our definition is
consistent with the definition of a norm, ||z| = /(x, z).

4.2 Exercise 3

Let (25,) be a Cauchy sequence in 12, where &, = (any, Gny, - - ); 2 |an,|* <
o0, an; € R or C. There exists N € N such that for n,m > N,

lan xan—zan am, P < &

Therefore, each |an; — am,|* < € for all j. This implies
|an; — am;| <€

for all j.
This implies that for each fixed j, (a,,) is a Cauchy sequence in R (or
C), and thus converges to b; € R (or C). Define

T = (bl,bg,...)

For any k € Nand n,m > N,

k
Z |anJ amjyz < Z |anj amj 2 <€
j=1



Taking limits as m — oo,

k
D lan; — bj|* < € (4.1)
Jj=1

for any k € N, n > N.
By Minkowski’s inequality,

k k k

ST i)z < (3 Jan, — 0132 + (3 Jan,?)?

=1 j=1 j=1
e 1
< et (X lan, )2
j=1
= e+ ||an]?

Letting k — oo, (32724 \bjIZ)% < 0o 80 & € [2. Finally, letting & — oo in
gives

o0

Z |an; — bj’2 <é

j=1

for all n > N.
Thus,

o

. BERT 42\ 4
Jin llon = olle = Jin (3 _lan, = b;%)> >0

This shows that {2 is complete.

4.3 Exercise 6

Let C denote the closed linear span of {z;}, i.e. C' = cl(span({zy})). Let S
denote all vectors of the form « = ) a;x; where the a; are complex numbers
such that 3 |a;|? < oo.

We want to prove C' = S.

Let z € S, z = Y ajzj, where Y |a;|? < co. First we need to ensure
that x = ) ajz; converges.

Remark 4.3. " |aj|> < oo implies that at most countable many a; are
nonzero.



Let yy, := Z§:1 ajxj. For n > m,

n n
lyn = vml> =11 D ajal>= D > >0
j=m+1 j=m+1

as n,m — oo because Y |a;|? converges. Thus (yx) is a Cauchy sequence in
H and thus converges (to x).
We quote and use:

Theorem 7: The point y of a Hilbert space H belongs to the
closed linear span Y of the set {y;} iff every vector z that is
orthogonal to all y; is orthogonal also to y: (y,z) = 0 for all z
that satisfy (y;, z) = 0 for all j.

Let z € H such that (x,2z) =0 for all j.
(x,z) = <Z a;xj, z)
k
= lim <Z a;xj,z)

k—00

Therefore x € C. Thus S C C.
Let z € C. Consider y = x —) (z,z;)z;. (Remark: In the next question
Exercise 8 (1), we will prove that {x; | (z,2;) # 0} is at most countable.)

(y,2) = (& =Y (&, 2))z;,zp)

n

= (z,xp) — n11_>H010<Zl<$7 )4, )
]:

= <l‘,$k> - <£U,l‘k>
=0

By Theorem 7, (y,y) = 0 which implies y = 0. Thus z = ) ajz; where
aj = (z,z;). By Bessel’s inequality, >_ |a;|> < ||z||* < co. Therefore, C C S.



Finally,

21 = > ajzy, Y ajy)
k k
= kli_)rgo<z ajr;,»  ax;)
j=1 j=1

k

= Jim 3o,
2l

i=1
oo
= la;?
j=1
We have proved all the parts of lemma 8.

4.4 Exercise 8

Let {z;} and {y;} be two orthonormal bases in H.

Case 1) At least one of the bases is finite.

WLOG, we assume {z;} is finite, so {z;} = {x1,...,2,}. By definition
of orthonormal basis, cl(span({zi,...,z,})) = H.. Since every finite di-
mensional subspace of a normed linear space is closed (Homework Ex. 4),
span({z1,...,z,}) = H.

Orthonormality implies linear independence: If cix1+coxo+- - -+ cpxy =
0, consider (ciz1 + -+ + cpap,z;) = ¢; =0, for all 1 < j < n. This means
{z1,...,2,} is linearly independent. Thus by Linear Algebra, {x1,...,z,}
is a basis for H, and the (algebraic) dimension of H is n. Since {y;} is
also linearly independent, [{y;}| < n = [{z;}|. In particular, {y;} is finite.
By exchanging the role of {z;} and {y;} in the argument above, we have
{zi} <y}

Therefore, [{z;}| = [{y;}I.

Case 2) Both bases are infinite. We write A := {z;}, B := {y;}. We will
prove that

A= {J {z; € Al (yp,z5) # 0}
yr€B
Uyenfzi € Al (yk, z;) # 0} C Ais clear.

Let z; € A. Suppose to the contrary z; ¢ UykeB{l‘j € Al (yg, ;) # 0},
Then (yi, z;) = 0 for all y,, € B. By Theorem 7, since x; € cl(span({y;})) =
H, we must have (x;,z;) = 0 which implies 2; = 0. This is a clear contra-
diction since ||z;|| = 1. So A is indeed the union above.
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Next, we show that each set {z; € A | (yx,x;) # 0} := Sk is countable
(for fixed yx) ﬂ Note that Sy = U, ~{zj € A| [{yk, ;)] > 11

Let ay,.. am be m elements in {z; € A | |(yx, x;)| > } By Bessel’s
inequality,

3\'—‘

m
Z Y @) * < Nlywl|?

So m < |lyxl|?/(%)?, which is finite. Thus Sy is countable.

Thus, U, cp{z; € A | (yk,xj) # 0} = Sk has cardinality less than
Ng x |B|. Since B is infinite, g < |B|. Thus |A| < 8o x |B| < |B|? = |B[
By symmetry (repeat argument with A, B interchanged), |B| < |A|. S
Al = [B.

4.5 Exercise 9
Define M : H — H, x = ) ajxj — y = y_ ajy;. Let 21 =) (21,25)z5,
zp = ) (22, %5)%;.
1M (21) = M(2)|1” = 11> (21, 250y — > (22, 25)w;]
= | Z 21, %) 22793]»?/]”
= ||Z 21— 22, T yj”
= Oz — 2z, m5)y, Y (21— 22, 25)y5)
=> a1 — 22, 25)

21 = 22)* = | Z T2, 5”]”
=2 le1 = 22,21

Therefore | M (z1) — M(z2)|| = ||z1 — 22| so M is an isometry.

M is onto: Let y = > (y,y;)y; € H. Consider > (y,y;)x; € H. Then
My, yj)x;) =y

M(0) = M(Y 0z;) = 3 0y; = 0.

Let ¢ : H — H be a linear isometry of H onto H mapping 0 to 0.
Remark: We believe the question needs to have an extra condition “linear”,
i.e. it should be “every linear isometry of H onto H mapping 0 — 0 can be

!This argument is also applicable for the previous question Exercise 6.
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obtained in this fashion”, since any isometry obtained in the given fashion
is necessarily linear.
Let 21,20 € H. We show that ¢ preserves inner products. We have

l¢(21) = d(22)1* = |21 — 22 (4.2)
Note that for any z € H, ||¢(z) — ¢(0)||* = ||z — 0||? implies

le()I1” = Il=]? (4.3)

Expanding [Equation 3} we have [|4(z1) 2 — 2Re(6(z1), 6(22)) + 6(22) |2 =
llz1]1? — 2Re(z1, 22) + ||22||* which implies Re{#(21), ¢(22)) = Re(z1, 29).

Replacing zo with izo, we have Re(¢(21), ¢(iz2)) = Re(z1,i22). Using the
identity Re(x,iy) = Im(x,y) and linearity of ¢, we have Im(¢(21), ¢(22)) =
Im(z1, z2). Thus we have shown that (¢(z1), ¢(22)) = (21, 22) for all 21, 29 €
H.

In particular, (¢(x;), ¢(z;)) = (x;,xj) = 6;;. Thus, we have that {¢(z;)}
is orthonormal. Since ¢ is onto, {¢(x;)} is a basis, thus it is an orthonormal
basis. Thus setting ¢(x;) := y;, the isometry ¢ can be obtained in the
fashion stated in the question.
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